PERIMETER
INSTITUTE

We study the geometry of 4-dimensional piece-wise linear manifolds by applying
a categorification procedure to the 3-dimensional scenario. We propose that
the fundamental geometric variables in 4-dimensions are given by elements of
a 2-group — more precisely, surface holonomies of a 2-connection — and we
construct the graded Poisson structure of these decorated surfaces. This leads
to the flux-holonomy phase space relevant for 4d geometry.
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1d links & edges: connections to holonomies

JA — h € SU(2) dual complex
e X € R?>  triangulation ’

2d triangles: spinning top phase space, modulo closure constraint,
Pap=(T*SUQ)’//C,  C=) X,

(X, h) e TSU(2)

Quantization: SU(2)-intertwiners
Pr — HOmRep(SU(Z))(jl X j2 X j37 1)
3d tetrahedron: 67-symbols

A (‘”‘72‘73).
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Result: Evaluation of qguantum amplitudes W as state sum over 67-symbols.

Groupoid I' = M.

Morphisms with associative invertible composition (a, b, ¢ € M):
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Fg. groupoid of paths PM = M describing holonomies

th G
HOIG:PM<ijS>%< > v Pexp [ A=g, €G.
®

2

2-group I' = M: base itself is a group.
Bigons with two compositions: vertical and horizontal @

)
€T T z’ rXx

g1 g2
gi \v/hl Qé \v/hZ
* > > %
! !
\vxhl \vfh’Q
Iy !
g1 9o

2-groups describe Z2-holonomies

/Surfaces\ /F\
2Hol" paths | = | M |, <S> — (ieXp{Fi> = <h5> cl.
AV

Surface exponential S exp constructed in [8].

Infinitesimally: Lie 2-algebra/Ly-algebra.

3+1d spinning geometry phase space from Poisson structure on 2-groups.
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|dea: fine-grain bigons — triangles & extend Poisson 2-group structure.

Introduce additional source/targets
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to t J;

Fit Poisson bracket to I'a:
{(Js1r Isn)s (g, I5,) 3 = sy, S5 b+ 1y Isy}
{(JSN J82)> X} — {‘]817 X} + {J827 X}7

['A Is not a groupid.
Vertical composition gives squares. N oV = Q FA.

Stability of triangles.
(AN, AY=/A,  {V,V}=V.

Polygonal decomposition into triangles.

{00 ={AoV,AoV}={A,A}lo{V,V}

Result: tetrahedral phase space
P.=(Ta)'//C

Z2-coadjoint orbits In I'a.

Will prove this!

Poisson structure reduced on orbits is graded symplectic.
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4-simplices &

2-gauge shift symmetry (L € A') and equations of motion,

JA — A —tL <( Fake-flatness: F =B
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Goal: find tetrahedral phase space P,.

BF-BB theory has 2-gauge symmetry; identify the Lie 2-(bi)aglebra,

d d=id > .
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2-form 1-form

Integrate: 2D face-link holonomies on triangulation:

0 =R’ x sus.

(X,J) € R x R’ [ =R’ = R’
Js
Bigon representation: (X, Js) = e /UX\ o
~_ 7
J=dX+J,
Poisson 2-group I'; graded Poisson bracket
{<X7 JS)? (Xla Jé)} — {‘]Sv X/} + {Xv ‘]t/} T {‘]87 J;} (1)

Wish to impose closure constraints:

)
Fake-flatness:  d(Xa) = Z J
C =< /eon : P.=(D)'//C.
2-flatness: Z XA =
\ JANSTOIN

Problem: I' contains bigons, we need triangles.
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Quantization: formula for 4-simplex amplitude W,

W~ /d[(h,g)&]é(H(h,g)) — SU(2) "2-intertwiners’.
: A
112]

. BF-BB amplitude = Barrett-Crane?
10-57 :2-rep. theory [13]
SU(2) "2-intertwiners” = < 15-57 ; Crane-Yetter [14]
both?
Applications to 4d quantum gravity/spin-foams.
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