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Horizon entropy as a probe of QG

• Bekenstein-Hawking entropy provides a low-energy window into 
quantum gravity


• BH entropy is a universal formula: applies not only to black hole 
horizon, but also to cosmological and acceleration horizons. 
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S = kB
Ac3

4~G
<latexit sha1_base64="RG7734sRU+uJEkVCZszJ8rH3y5U=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUnagm6EWhe6rGgf0MQymU7aoZNJmJkIJWTpxl9x40IRt36CO//GaZuFth64cDjnXu69x4sYlcqyvo3c0vLK6lp+vbCxubW9Y+7utWQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6TtjS4nfvuBCElDfqfGEXEDNODUpxgpLfXMw1t4Dke9OnR8gXByAfF9JU2q0Bl6SMCrtGcWrZI1BVwkdkaKIEOjZ345/RDHAeEKMyRl17Yi5SZIKIoZSQtOLEmE8AgNSFdTjgIi3WT6SAqPtdKHfih0cQWn6u+JBAVSjgNPdwZIDeW8NxH/87qx8s/chPIoVoTj2SI/ZlCFcJIK7FNBsGJjTRAWVN8K8RDpRJTOrqBDsOdfXiStcsmulMo31WKtnsWRBwfgCJwAG5yCGrgGDdAEGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gCbq5fS</latexit>

A = horizon area



“Entropy = area” for any volume of space

• It is expected that gravitational entropy is not only associated to 
the area of black hole or de Sitter horizon, but to 
the area of any boundary separating a region of space. 
 
 
 
 
 
 
 
 
 
 
How to justify this?
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Banks-Fischler, Bousso, Bianchi-Myers, Jacobson-Parentani, …



Gibbons-Hawking partition function

• Gibbons and Hawking (1977) derived the entropy of black hole 
and de Sitter horizons from a Euclidean saddle approximation 
of the gravitational partition function. 
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Can the entropy of a volume of space be derived 

from a saddle approximation to a partition function? 

See also Banks-Draper-Farkas ’20  
and our recent statistical interpretation (Jacobson-MV ’22)



Gibbons-Hawking partition function

5

 
Can the entropy of a volume of space be derived 

from a saddle approximation to a partition function? 

Yes! Using the method of constrained instantons

• Gibbons and Hawking (1977) derived the entropy of black hole 
and de Sitter horizons from a Euclidean saddle approximation 
of the gravitational partition function. 



Gibbons-Hawking partition function

GH represented the canonical partition function in gravity as a 
Euclidean path integral over metrics

Z = Tr e��H
<latexit sha1_base64="I3R1TrB+L33DWQ6DT8fM7yDZcts=">AAACBXicbVA9SwNBEN3z2/h1aqnFYhAsNNxFQRtBtEkZIdFgLoa9zSRZsvfB7pwYjjQ2/hUbC0Vs/Q92/hs3yRUafTDweG+GmXl+LIVGx/mypqZnZufmFxZzS8srq2v2+saVjhLFocojGamazzRIEUIVBUqoxQpY4Eu49nsXQ//6DpQWUVjBfgyNgHVC0RacoZGa9vYNPaUewj2mFTXw9incpgeeD8hoadC0807BGYH+JW5G8iRDuWl/eq2IJwGEyCXTuu46MTZSplBwCYOcl2iIGe+xDtQNDVkAupGOvhjQXaO0aDtSpkKkI/XnRMoCrfuBbzoDhl096Q3F/7x6gu2TRirCOEEI+XhRO5EUIzqMhLaEAo6ybwjjSphbKe8yxTia4HImBHfy5b/kqlhwDwvFy6P82XkWxwLZIjtkj7jkmJyREimTKuHkgTyRF/JqPVrP1pv1Pm6dsrKZTfIL1sc3shWXbQ==</latexit>

Z =

Z
Dge�IE [g]/~

<latexit sha1_base64="T3DhdY3ohVERCCyn8xjvMPlsQ24=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQxJpUQTdC8QG6q2AfmMQwmU7aoZMHMxOhhH6EG3/FjQtF3Lpw5984abPQ1gMDh3PuZc49XsyokIbxrRVmZufmF4qLpaXlldU1fX2jKaKEY9LAEYt420OCMBqShqSSkXbMCQo8Rlpe/zzzWw+ECxqFt3IQEydA3ZD6FCOpJFffu4On0KahhHaAZA8jBi9gF5L7dP/aTS+H0Oo68MDueYgPXb1sVIwR4DQxc1IGOequ/mV3IpwEJJSYISEs04ilkyIuKWZkWLITQWKE+6hLLEVDFBDhpKOjhnBHKR3oR1w9FW+k/t5IUSDEIPDUZJZcTHqZ+J9nJdI/cVIaxokkIR5/5CcMyghmDcEO5QRLNlAEYU5VVoh7iCMsVY8lVYI5efI0aVYr5mGlenNUrp3ldRTBFtgGu8AEx6AGrkAdNAAGj+AZvII37Ul70d61j/FoQct3NsEfaJ8/aQCckA==</latexit>
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• In a saddle approximation the path integral can be estimated as: 
 


• If the saddle geometry is Euclidean de Sitter space  
(a round sphere with radius equal to the dS curvature scale L),  
then  
 

Entropy from the partition function

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>

Z ⇠ exp
�
�IsaddleE /~

�
<latexit sha1_base64="M8x44qnLd6rWyzmE02/mQ96Pt3M="></latexit>

IsaddleE /~ = �A(L)

4~G = �SdS
<latexit sha1_base64="R01YRWB2EvmnhLMNr2DNb0HL6wo="></latexit>

L
<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit>
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• Since the energy vanishes for Euclidean de Sitter space, the 
partition function counts the dimension of the quantum gravity 
Hilbert space 

Gibbons-Hawking partition function

Banks, Fischler

Z = Tr e��H
<latexit sha1_base64="I3R1TrB+L33DWQ6DT8fM7yDZcts=">AAACBXicbVA9SwNBEN3z2/h1aqnFYhAsNNxFQRtBtEkZIdFgLoa9zSRZsvfB7pwYjjQ2/hUbC0Vs/Q92/hs3yRUafTDweG+GmXl+LIVGx/mypqZnZufmFxZzS8srq2v2+saVjhLFocojGamazzRIEUIVBUqoxQpY4Eu49nsXQ//6DpQWUVjBfgyNgHVC0RacoZGa9vYNPaUewj2mFTXw9incpgeeD8hoadC0807BGYH+JW5G8iRDuWl/eq2IJwGEyCXTuu46MTZSplBwCYOcl2iIGe+xDtQNDVkAupGOvhjQXaO0aDtSpkKkI/XnRMoCrfuBbzoDhl096Q3F/7x6gu2TRirCOEEI+XhRO5EUIzqMhLaEAo6ybwjjSphbKe8yxTia4HImBHfy5b/kqlhwDwvFy6P82XkWxwLZIjtkj7jkmJyREimTKuHkgTyRF/JqPVrP1pv1Pm6dsrKZTfIL1sc3shWXbQ==</latexit>

H = 0
<latexit sha1_base64="cZF6lynyZ0AtidSg799NMOFLJds=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0EuOEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/loxkn6Ed0IHnIGTVWeqjduL1iyS27c5BV4mWkBBnqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy6ukWSl7F+XK/WWpepvFkYcTOIVz8OAKqlCDOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPjqGNUQ==</latexit>

&

Z ! TrH 1 = eSdS
<latexit sha1_base64="TYT30HgGqMBuAOt3NrLyJ5Q/px0=">AAACF3icbVDJSgNBEO2JW4zbqEcvjUHwIGEmCnoRgl5yjGTFTBx6OpWkSc9Cd48YhvkLL/6KFw+KeNWbf2NnOWjig4LHe1VU1fMizqSyrG8js7S8srqWXc9tbG5t75i7ew0ZxoJCnYY8FC2PSOAsgLpiikMrEkB8j0PTG16P/eY9CMnCoKZGEXR80g9Yj1GitOSahVvsqFAXPKikJlI3cXyiBpRwXE6xc4JtfInhLqm6Sbeapq6ZtwrWBHiR2DOSRzNUXPPL6YY09iFQlBMp27YVqU5ChGKUQ5pzYgkRoUPSh7amAfFBdpLJXyk+0koX90KhK1B4ov6eSIgv5cj3dOf4aDnvjcX/vHasehedhAVRrCCg00W9mGOdxDgk3GUCqOIjTQgVTN+K6YAIQpWOMqdDsOdfXiSNYsE+LRRvzvKlq1kcWXSADtExstE5KqEyqqA6ougRPaNX9GY8GS/Gu/Exbc0Ys5l99AfG5w9GRJ66</latexit>

= dimension of Hilbert space 
of states surrounded by a horizon,  
i.e. states of a ball

Jacobson, Banihashemi ‘22



Partition function for a volume of space

• Should not “area = entropy” apply to any volume of space (topological ball)?


• To specify a region of space, one must somehow fix its size.


• We fix the spatial volume, by adding a constraint in the path integral 

• Introduce a Lagrange multiplier to impose the constraint
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Z[V ] = TrH1
<latexit sha1_base64="2CEShLlh+DGxKA140e8linS7N5Q=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSlIF3QhFN11W6AubUCbTSTt08mDmRiwhazf+ihsXirj1C9z5N07bLLT1wIXDOfdy7z1eLLgCy/o2lpZXVtfWCxvFza3tnV1zb7+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6mfjteyYVj8IGjGPmBmQQcp9TAlrqmUd33ZaLrzB2gD1A2pBZL3UCAkNKBK5l2MY9s2SVrSnwIrFzUkI56j3zy+lHNAlYCFQQpbq2FYObEgmcCpYVnUSxmNARGbCupiEJmHLT6SsZPtFKH/uR1BUCnqq/J1ISKDUOPN05uVLNexPxP6+bgH/ppjyME2AhnS3yE4EhwpNccJ9LRkGMNSFUcn0rpkMiCQWdXlGHYM+/vEhalbJ9Vq7cnpeq13kcBXSIjtEpstEFqqIaqqMmougRPaNX9GY8GS/Gu/Exa10y8pkD9AfG5w8gBplD</latexit>

Z[V ] =

Z
D�Dg e�

1
~ IE [g]+ 1

~�(C[g]�V )

<latexit sha1_base64="GwrcYmvzoHMcFy6+UhgT0lqO/yI="></latexit>

Z[V ] =

Z
Dg �(C[g]� V ) e�

1
~ IE [g]

<latexit sha1_base64="F4SCIwlwKZyPdDolIhqB8SF5JvY="></latexit>



Euclidean sphere geometry

• What are the topologies that we integrate over in the path integral?


• Consider a spatial topological (D-1)-ball whose boundary has 
topology           .


• The Euclidean manifold generated by rotating the ball through a 
complete circle about the ball boundary is a topological D-sphere 
 
e.g. D=2 version:
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SD�2
<latexit sha1_base64="3jshpOXh58mJ8s9otPP8nPAMD9Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMegHjxGNA9I1jA7mSRDZmeXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJbCoOt+O0vLK6tr67mN/ObW9s5uYW+/bqJEM15jkYx0M6CGS6F4DQVK3ow1p2EgeSMYXk/8xhPXRkTqAUcx90PaV6InGEUrNe4f05vT8rhTKLoldwqySLyMFCFDtVP4ancjloRcIZPUmJbnxuinVKNgko/z7cTwmLIh7fOWpYqG3Pjp9NwxObZKl/QibUshmaq/J1IaGjMKA9sZUhyYeW8i/ue1Euxd+qlQcYJcsdmiXiIJRmTyO+kKzRnKkSWUaWFvJWxANWVoE8rbELz5lxdJvVzyzkrlu/Ni5SqLIweHcAQn4MEFVOAWqlADBkN4hld4c2LnxXl3PmatS042cwB/4Hz+AJGVjxA=</latexit>

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>



Constrained sphere partition function

• Foliate        by (D-1)-balls at constant      with induced metric 


• The saddle point equations are the Einstein equations sourced by an effective 
perfect fluid with vanishing energy density, 
 
                                                  with 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� (D � 1)
<latexit sha1_base64="7bh8n3AYV7DlacVRctYuWQwzDLY=">AAAB+HicbVBNS8NAEJ34WetHox69LBahQi1JFfRY1IPHCvYDmlA22027dLMJuxuhlv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq2V1bX1jc3cVn57Z3evYO8fNFWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDG+mfuuRSsVi8aBHCfUj3BcsZARrI3XtgpcMGPLKXhmVbs/c065ddCrODGiZuBkpQoZ61/7yejFJIyo04Vipjusk2h9jqRnhdJL3UkUTTIa4TzuGChxR5Y9nh0/QiVF6KIylKaHRTP09McaRUqMoMJ0R1gO16E3F/7xOqsMrf8xEkmoqyHxRmHKkYzRNAfWYpETzkSGYSGZuRWSAJSbaZJU3IbiLLy+TZrXinleq9xfF2nUWRw6O4BhK4MIl1OAO6tAAAik8wyu8WU/Wi/VufcxbV6xs5hD+wPr8Aa6ckSU=</latexit>

�ab = gab �N2�,a�,b
<latexit sha1_base64="jE3nu8ak9lX+C0WFbQjTtAWXYj4=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAUXGiZqYJuhKIbV1LBXqCtw5k0bUOTmSHJCGWYt3Djq7hxoYhb3fk2pu0I2vpD4OM/OZxzfi/kTGnb/rIyC4tLyyvZ1dza+sbmVn57p66CSBJaIwEPZNMDRTnzaU0zzWkzlBSEx2nDG16O6417KhUL/Fs9CmlHQN9nPUZAG8vNl9p9EALcGLwEn+P+FI7w9V0Zt8MBc+NDSH7IS9x8wS7ZE+F5cFIooFRVN//Z7gYkEtTXhINSLccOdScGqRnhNMm1I0VDIEPo05ZBHwRVnXhyV4KLxuniXiDN8zWeuL87YhBKjYRZuChAD9RsbWz+V2tFunfWiZkfRpr6ZDqoF3GsAzwOCXeZpETzkQEgkpldMRmABKJNlDkTgjN78jzUyyXnuFS+OSlULtI4smgP7aMD5KBTVEFXqIpqiKAH9IRe0Kv1aD1bb9b79GvGSnt20R9ZH9/jMJ6A</latexit>

N ⌘ (gab�,a�,b)
�1/2

<latexit sha1_base64="HFa9VZq2DJlPVxCMKVjFUFj15kU=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyFilqTKuiy6MaVVLAXaNIwmU7aoZOLM5NCCXkIN76KGxeKuHXhzrdx2mahrT8MfPxnDuec340YFdIwvrWFxaXlldXcWn59Y3NrW9/ZbYgw5pjUcchC3nKRIIwGpC6pZKQVcYJ8l5GmO7ge15tDwgUNg3s5iojto15APYqRVJajH91CizzEdAhLvU6C3BRaUZ86yTFKM3DTw05yYp5WUkcvGGVjIjgPZgYFkKnm6F9WN8SxTwKJGRKibRqRtBPEJcWMpHkrFiRCeIB6pK0wQD4RdjI5KoVF5XShF3L1Agkn7u+OBPlCjHy1cdFHsi9ma2Pzv1o7lt6lndAgiiUJ8HSQFzMoQzhOCHYpJ1iykQKEOVW7QtxHHGGpcsyrEMzZk+ehUSmbZ+XK3XmhepXFkQP74ACUgAkuQBXcgBqoAwwewTN4BW/ak/aivWsf068LWtazB/5I+/wB7G2deg==</latexit>

Gab + ⇤gab = 8⇡GTab
<latexit sha1_base64="gskY1Kqnwb8wPu7QY5Gy0Ncb9Sc=">AAACEHicbVBLSwMxGMzWV62vVY9egqUoCGW3CvYiFD3Ug4cKfUF3WbLZbBuafZBkhbL0J3jxr3jxoIhXj978N6bbPWjrQGAykyHfN27MqJCG8a0VVlbX1jeKm6Wt7Z3dPX3/oCuihGPSwRGLeN9FgjAako6kkpF+zAkKXEZ67vhm5vceCBc0CttyEhM7QMOQ+hQjqSRHP2k6KXKn8AxadyrlITicC1ewbsUUNmE7uzt62agaGeAyMXNSBjlajv5leRFOAhJKzJAQA9OIpZ0iLilmZFqyEkFihMdoSAaKhiggwk6zhaawohQP+hFXJ5QwU38nUhQIMQnUmJUAyZFY9Gbif94gkX7dTmkYJ5KEeP6RnzAoIzhrB3qUEyzZRBGEOVWzQjxCHGGpOiypEszFlZdJt1Y1z6u1+4ty4zqvowiOwDE4BSa4BA1wC1qgAzB4BM/gFbxpT9qL9q59zJ8WtDxzCP5A+/wBsqWbHg==</latexit>

Tab =
�

N
�ab ⌘ P�ab

<latexit sha1_base64="WeNeX0k5Q/NeNco8DnElN31bOTw=">AAACInicbVDLSgMxFM34rPVVdekmWAquykwV1IVQdONKKvQFnVLupJk2NJkZk0yhDPMtbvwVNy4UdSX4MaaPRW09EDick8O993gRZ0rb9re1srq2vrGZ2cpu7+zu7ecODusqjCWhNRLyUDY9UJSzgNY005w2I0lBeJw2vMHt2G8MqVQsDKp6FNG2gF7AfEZAG6mTu6p2EvDSa9eXQBKXm2QX0uQ+xW4PhICJi136GLMhrsyLnVzeLtoT4GXizEgezVDp5D7dbkhiQQNNOCjVcuxItxOQmhFO06wbKxoBGUCPtgwNQFDVTiYnprhglC72Q2leoPFEnU8kIJQaCbNrQYDuq0VvLP7ntWLtX7YTFkSxpgGZDvJjjnWIx33hLpOUaD4yBIhkZldM+mDK0qbVrCnBWTx5mdRLReesWHo4z5dvZnVk0DE6QafIQReojO5QBdUQQU/oBb2hd+vZerU+rK/p1xVrljlCf2D9/AJpG6TP</latexit>

Z[V,⇤] =

Z
D�Dg exp


1

16⇡~G

Z
dDx

p
g(R� 2⇤) +

1

~

Z
d��(�)

✓Z
dD�1x

p
� � V

◆�

<latexit sha1_base64="/EzJIG9crxDPRjh++F2u1DvlyzQ="></latexit>

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>

Method of constrained instantons    Affleck, Cotler-Jensen

Z[V,⇤] =

Z
Dg�(C[g]� V ) exp


1

16⇡~G

Z
dDx

p
g(R� 2⇤)

�

<latexit sha1_base64="X7UPzUqz1gLZnxzgyKR1JLvQY4Q="></latexit>



Static, spherically symmetric saddle

•                      static, spherically symmetric solution: 
 
 

• Euclidean constrained instanton has topology       , is conformally flat, and has a 
curvature singularity at the horizon.
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⇤ = 0
<latexit sha1_base64="N1y7c6foofu4lU8D4L/hK5YEV7g=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbly4qGAfMB1KJpNpQzPJkNwRytDPcONCEbd+jTv/xrSdhbYeCBzOOZfce8JUcAOu++2srK6tb2yWtsrbO7t7+5WDw7ZRmaasRZVQuhsSwwSXrAUcBOummpEkFKwTjm6nfueJacOVfIRxyoKEDCSPOSVgJb93b6MRwdcu7leqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcrT/CpVSIcK22fBDxTf0/kJDFmnIQ2mRAYmkVvKv7n+RnEV0HOZZoBk3T+UZwJDApP78cR14yCGFtCqOZ2V0yHRBMKtqWyLcFbPHmZtOs177xWf7ioNm6KOkroGJ2gM+ShS9RAd6iJWogihZ7RK3pzwHlx3p2PeXTFKWaO0B84nz+ygJA2</latexit>

RV = [(D � 1)V/⌦D�2]
1/(D�1)

<latexit sha1_base64="FdF9FTCafjxqwFfpvIjU8P3p/VU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh10Tapgm6Eol24s4pNC2kMk+m0HTp5MDMRSugvuPFX3LhQxK07d/6N0zQLbT1w4XDOvdx7jxcxKqRhfGsLi0vLK6u5tfz6xubWtr6za4kw5pg0cchC3vaQIIwGpCmpZKQdcYJ8j5GWN7yc+K0HwgUNgzs5iojjo35AexQjqSRXL966FjyHdrFeMo+gBSuwc+2TPnKTeqk6du4Ts5JaY1cvGGUjBZwnZkYKIEPD1b863RDHPgkkZkgI2zQi6SSIS4oZGec7sSARwkPUJ7aiAfKJcJL0ozE8VEoX9kKuKpAwVX9PJMgXYuR7qtNHciBmvYn4n2fHsnfmJDSIYkkCPF3UixmUIZzEA7uUEyzZSBGEOVW3QjxAHGGpQsyrEMzZl+eJVS2bx+XqzUmhdpHFkQP74AAUgQlOQQ1cgQZoAgwewTN4BW/ak/aivWsf09YFLZvZA3+gff4Axi6ZOw==</latexit>

ds2 =
1

4R2
V

(R2
V � r2)2d�2 + dr2 + r2d⌦2

D�2
<latexit sha1_base64="XEc5leYNYqngwSTjg81At5W+78E="></latexit>

 

SD
<latexit sha1_base64="/RM6+1qItSJEUM7D2h98dgDTq0o=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DGoB4+RmAcka5idzCZDZmeXmV4hhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6Z+84lrI2L1gKOE+xHtKxEKRtFKtdrjbbdQdEvuDGSZeBkpQoZqt/DV6cUsjbhCJqkxbc9N0B9TjYJJPsl3UsMTyoa0z9uWKhpx449np07IqVV6JIy1LYVkpv6eGNPImFEU2M6I4sAselPxP6+dYnjlj4VKUuSKzReFqSQYk+nfpCc0ZyhHllCmhb2VsAHVlKFNJ29D8BZfXiaNcsk7L5XvL4qV6yyOHBzDCZyBB5dQgTuoQh0Y9OEZXuHNkc6L8+58zFtXnGzmCP7A+fwB79iNkQ==</latexit>

horizon radius



Euclidean action
• Even though the saddle has a 1/(r-RV) curvature singularity at the horizon,  

the action is finite.


• For  the on-shell Euclidean action is


• Hence, in the zero-loop saddle-point approximation: 
 
 
 
 
 
 
This generalizes the Gibbons-Hawking partition function to a finite volume of space! 

⇤ = 0
<latexit sha1_base64="N1y7c6foofu4lU8D4L/hK5YEV7g=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbly4qGAfMB1KJpNpQzPJkNwRytDPcONCEbd+jTv/xrSdhbYeCBzOOZfce8JUcAOu++2srK6tb2yWtsrbO7t7+5WDw7ZRmaasRZVQuhsSwwSXrAUcBOummpEkFKwTjm6nfueJacOVfIRxyoKEDCSPOSVgJb93b6MRwdcu7leqbs2dAS8TryBVVKDZr3z1IkWzhEmgghjje24KQU40cCrYpNzLDEsJHZEB8y2VJGEmyGcrT/CpVSIcK22fBDxTf0/kJDFmnIQ2mRAYmkVvKv7n+RnEV0HOZZoBk3T+UZwJDApP78cR14yCGFtCqOZ2V0yHRBMKtqWyLcFbPHmZtOs177xWf7ioNm6KOkroGJ2gM+ShS9RAd6iJWogihZ7RK3pzwHlx3p2PeXTFKWaO0B84nz+ygJA2</latexit>
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Z[V ] ⇡ exp(AV /4~G)
<latexit sha1_base64="QxNg1xyacqOG1MslTLSaiNGCOGU=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAjHBBneRREvUQktM5BHZzWZ2GGDC7M5kZtZACL2Nv2JjoTG2/oCdf+MAWyh6kpucnHNv7r0nFIwq7ThfVmZpeWV1Lbue29jc2t6xd/caiicSkzrmjMtWiBRhNCZ1TTUjLSEJikJGmuHgcuo374lUlMe3eiSIH6FeTLsUI22kwM7ftRs+9JAQkg+hR4YCFs+DxjGsQK8fIgmvjgK74JScGeBf4qakAFLUAvvT63CcRCTWmCGl2q4jtD9GUlPMyCTnJYoIhAeoR9qGxigiyh/PfpnAQ6N0YJdLU7GGM/XnxBhFSo2i0HRGSPfVojcV//Paie6e+WMai0STGM8XdRMGNYfTYGCHSoI1GxmCsKTmVoj7SCKsTXw5E4K7+PJf0iiX3JNS+aZSqF6kcWTBAciDInDBKaiCa1ADdYDBA3gCL+DVerSerTfrfd6asdKZffAL1sc3YoGYtA==</latexit>

Isaddle = � 1

16⇡G

Z
dDx

p
gR =

D � 1

D � 2
2⇡�V = �AV

4G
<latexit sha1_base64="lY7EGlFy3lYOC5myIt4MDt0NiDc="></latexit>

 

Isaddle = � 1

16⇡G

Z
dDx

p
gR =

D � 1

D � 2
2⇡�V = �AV

4G
<latexit sha1_base64="lY7EGlFy3lYOC5myIt4MDt0NiDc="></latexit>



Conclusions
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• Partition function of a volume of space = dimension of the quantum gravity 
Hilbert space of a topological ball with fixed proper volume.

• The Hilbert space dimension matches with the semiclassical BH entropy 
attributed to spatial regions 
 
 
 
 
 
Future direction:


• Determine whether higher curvature corrections regularise the curvature 
singularity at the horizon.

Z[V ] = dimH ⇡ exp(AV /4~G)
<latexit sha1_base64="0eezC7kMXScynaDyCTCP5pgvdUU="></latexit>



Euclidean saddle
• Comparison between diamond saddle and spherical dS saddle

15

r = RV
<latexit sha1_base64="mdLPqOkuQxvHacsJSxFy2BU8FoI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYtpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OGzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWMlX10/dBvdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmaiq2DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpFGteOeV6v1FuXaTx1GAYziBM/DgEmpwB3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB2DKjmY=</latexit>

r = L
<latexit sha1_base64="LZqG/gcZJFvXyI5rGOpeJAZisFA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLGwiGg+IDnC3maSLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqZ+s0nVJpH8tGMY/RDOpC8zxk1VnpQV3fdYsktuzOQZeJlpAQZat3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2akTcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+pZ9yGScGJZsv6ieCmIhM/yY9rpAZMbaEMsXtrYQNqaLM2HQKNgRv8eVl0qiUvbNy5f68VL3O4sjDERzDKXhwAVW4hRrUgcEAnuEV3hzhvDjvzse8NedkM4fwB87nD/kNjZc=</latexit>

r = 0
<latexit sha1_base64="5us0Hxu91mnA2+B3Y4kfGHZA0HY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD+ra7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/OnY17</latexit>

�
<latexit sha1_base64="U7EeqmYiKeTo/r/N2HofpG7Xero=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOuk26t5VvfHQrLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEU1o5D</latexit>

r
<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit> r

<latexit sha1_base64="mcxbHMlpexUZOQ80I65L7N8gjUM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3m+M+g==</latexit>

'
<latexit sha1_base64="/4dUX6CHoVoH6b+YzkTtnptXav4=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddKqVf2rau3xulK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP3yYj6o=</latexit>



         saddle

• The saddle solution with positive cosmological constant is similar, BUT:  
 
1) If V = VdS  (static patch spatial volume), then the saddle is dS, which is smooth 
 
2) If V is larger than the dS spatial hemisphere, the entropy decreases as volume 
increases 
 
2) There is no saddle if V is larger than the full de Sitter spatial sphere. 
 
3) The integral over all V is dominated by the de Sitter saddle.

16

⇤ > 0
<latexit sha1_base64="DtpX+DSvEtKQccd2nx0lcPqVIZ0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYKupKiGxcuKtgHTIeSyWTa0EwyJHeEMvQz3LhQxK1f486/MW1noa0HAodzziX3njAV3IDrfjsrq2vrG5ulrfL2zu7efuXgsG1UpilrUSWU7obEMMElawEHwbqpZiQJBeuEo9up33li2nAlH2GcsiAhA8ljTglYye/d22hE8DV2+5WqW3NnwMvEK0gVFWj2K1+9SNEsYRKoIMb4nptCkBMNnAo2Kfcyw1JCR2TAfEslSZgJ8tnKE3xqlQjHStsnAc/U3xM5SYwZJ6FNJgSGZtGbiv95fgbxVZBzmWbAJJ1/FGcCg8LT+3HENaMgxpYQqrndFdMh0YSCbalsS/AWT14m7XrNO6/VHy6qjZuijhI6RifoDHnoEjXQHWqiFqJIoWf0it4ccF6cd+djHl1xipkj9AfO5w+z9pA3</latexit>

⌃
<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>



Regulation of the saddle singularity in EFT?

• Suppose the singularity is regulated by higher derivative terms in the action,  
governed by a UV length : 
 

• The field        term contributes to the field equation 
 
which is of the same order as the Einstein term when           , at which point  
 
If the curvature saturates at this value, then EFT remains effective, and the higher curvature 
 
corrections to the entropy are of order                            relative to the BH entropy. 
 
We conjecture that this is what happens . . . 

ℓ

17

I = � 1

16⇡G

Z
dDx

p
g(R+ `2R2 + · · · )

<latexit sha1_base64="NWs6G+wi340l6YHboRJ5z3qOhqI="></latexit>

R2
<latexit sha1_base64="XnPtRy18wfdK38eTfGH4TPZNMEQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx7xwSMBJLPDLEyYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne4uP5bCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPrqd+84lrIyL1gOOYd0M6UCIQjKKV7u8eK71iyS27M5Bl4mWkBBlqveJXpx+xJOQKmaTGtD03xm5KNQom+aTQSQyPKRvRAW9bqmjITTednTohJ1bpkyDSthSSmfp7IqWhMePQt50hxaFZ9Kbif147weCymwoVJ8gVmy8KEkkwItO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Vq7cnpeqV1kceTiCYzgFDy6gCjdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB0wqNfg==</latexit>

⇠ `2@2
rR ⇠ `2

⇢2
R

<latexit sha1_base64="Wfp/41fxT950ha8Mumd8m5/uVRI=">AAACH3icbVC7TsMwFHV4lvIKMLJYVEhMVVIQMFawMJaKPqQmRI7rtFbtOLIdpCrqn7DwKywMIITY+jc4bQZouZLl43PO1fU9YcKo0o4ztVZW19Y3Nktb5e2d3b19++CwrUQqMWlhwYTshkgRRmPS0lQz0k0kQTxkpBOObnO980SkoiJ+0OOE+BwNYhpRjLShAvvSU5RDjzD2WINegqSmiAXSPJpwLkUS4WxumGSeHApzNwO74lSdWcFl4BagAopqBPa31xc45STWmCGleq6TaD/L52FGJmUvVSRBeIQGpGdgjDhRfjbbbwJPDdOHkZDmxBrO2N8dGeJKjXlonBzpoVrUcvI/rZfq6NrPaJykmsR4PihKGdQC5mHBPpUEazY2AGFJzV8hHiITiDaRlk0I7uLKy6Bdq7rn1dr9RaV+U8RRAsfgBJwBF1yBOrgDDdACGDyDV/AOPqwX6836tL7m1hWr6DkCf8qa/gAnp6Jy</latexit>

⇢ ⌘ r �RV
<latexit sha1_base64="6MLwsNCMoA6lZIhd5+HeoJDlWig=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmqoMeiF49V7Ac0IWy2m3bpJht3N8VS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Ngtbxe2d3b19+6DUVCKThDaI4EK2Q6woZwltaKY5baeS4jjktBUObqZ+a0ilYiJ50KOU+jHuJSxiBGsjBXbJk32BPPqYsSGSZ+g+aAZ22ak4M6Bl4uakDDnqgf3ldQXJYppowrFSHddJtT/GUjPC6aToZYqmmAxwj3YMTXBMlT+e3T5BJ0bpokhIU4lGM/X3xBjHSo3i0HTGWPfVojcV//M6mY6u/DFL0kzThMwXRRlHWqBpEKjLJCWajwzBRDJzKyJ9LDHRJq6iCcFdfHmZNKsV97xSvbso167zOApwBMdwCi5cQg1uoQ4NIPAEz/AKb9bEerHerY9564qVzxzCH1ifP7isk5Q=</latexit>

⇢ ⇠ `
<latexit sha1_base64="tUvKrHBS7JIZi6DBhxq0fqffRvs=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWME84DsGmYnvcmQeSwzs0oI+Q8vHhTx6r9482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqExTaFDFlW7HxABnEhqWWQ7tVAMRMYdWPLyZ+q1H0IYpeW9HKUSC9CVLGCXWSQ+hHigcGiZwCJx3S2W/4s+Al0mQkzLKUe+WvsKeopkAaSknxnQCP7XRmGjLKIdJMcwMpIQOSR86jkoiwETj2dUTfOqUHk6UdiUtnqm/J8ZEGDMSsesUxA7MojcV//M6mU2uojGTaWZB0vmiJOPYKjyNAPeYBmr5yBFCNXO3YjogmlDrgiq6EILFl5dJs1oJzivVu4ty7TqPo4CO0Qk6QwG6RDV0i+qogSjS6Bm9ojfvyXvx3r2PeeuKl88coT/wPn8A/MKSLQ==</latexit>

R ⇠ 1

RV `
<latexit sha1_base64="8oDnlzgSBzESfF64FYQ9Mi5J4Ws=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWpgi6LblzWYh/QhDCZTtqhM5MwMxFKCG78FTcuFHHrV7jzb5y2WWjrgQuHc+7l3nvChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8M/W7D0QqGot7PUmIz9FQ0IhipI0U2Ect6CnKoRdJhDM3z1pBB3qEsTywq07NmQEuE7cgVVCgGdhf3iDGKSdCY4aU6rtOov0MSU0xI3nFSxVJEB6jIekbKhAnys9mL+Tw1CgDGMXSlNBwpv6eyBBXasJD08mRHqlFbyr+5/VTHV35GRVJqonA80VRyqCO4TQPOKCSYM0mhiAsqbkV4hEyYWiTWsWE4C6+vEw69Zp7XqvfXVQb10UcZXAMTsAZcMElaIBb0ARtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w9IHZa5</latexit>

`2R ⇠ `

RV
⌧ 1

<latexit sha1_base64="jgzuFfs9F4bWlHw+vwPWVe2X2mo=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwVZIq6LLoxmUt9gFNLJPpTTt0MgkzE6GEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM653LnHjzlT2ra/rcLK6tr6RnGztLW9s7tX3j9oqyiRFFo04pHs+kQBZwJammkO3VgCCX0OHX98nfmdB5CKReJOT2LwQjIULGCUaCP1yxUXOL+v4SZ2FQuxG0hC00ybps1+e+pyjh2Tsqv2DHiZODmpoByNfvnLHUQ0CUFoyolSPceOtZcSqRnlMC25iYKY0DEZQs9QQUJQXjo7ZopPjDLAQSTNExrP1N8TKQmVmoS+SYZEj9Sil4n/eb1EB5deykScaBB0vihIONYRzprBAyaBaj4xhFDJzF8xHRHThzb9lUwJzuLJy6Rdqzpn1drteaV+lddRREfoGJ0iB12gOrpBDdRCFD2iZ/SK3qwn68V6tz7m0YKVzxyiP7A+fwBvq5qa</latexit>


