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Summary

Quantum fluctuations of spacetime induce noise In the deviation of particles

The noise adds a quantum term to the Raychaudhuri equation

The characteristics of the noise depend on the quantum state of gravity

For a squeezed state, the enhanced noise might even be observable
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Geodesic Deviation Equation

e E |
| | f,u — _ROVO Riemann tensor
geodesic separation

gravitational wave

i
Riojo(t,0) = — §hz’j (¢,0)

il [
£=he

This is the geodesic deviation equation In the presence of a
classical gravitational wave



Quantum Geodesic Deviation Equation?
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VWhat Is the generalization of this equation when the
spacetime metric is treated as a quantum field?
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Abstract

We show that when the gravitational field is treated quantum-mechanically, it induces
fluctuations — noise — in the lengths of the arms of gravitational wave detectors. The
characteristics of the noise depend on the quantum state of the gravitational field, and
can be calculated exactly in several interesting cases. For coherent states the noise is
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Action
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Einstein-Hilbert action + action for two free-falling particles

Use Fermi normal coordinates, putting mass ™M on classical trajectory
X* = (t,0)

et the other particle be at
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Action

Next, insert metric in Fermi normal coordinates into particle action:
gl = =1 = &l U -+ 0"

gl G = _gROjik(ta 0)&7¢" + 0(&?)
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Inserting this into the particle action gives
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Action

Expanding action to lowest order in metric perturbation, we have:
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Mode Decomposition
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Write metric perturbation in Fourier modes:
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Geodesic Deviation Interacting with Graviton Mode

free particle

S, = [ dt (m(a? - ) + jmoé? - gié)

simple harmonic
osclllator cubic interaction term



Quantization Strategy

We will treat both the deviation and gravity quantum mechanically.

VWe will then integrate out gravity and take a saddle point to obtain
the geodesic deviation In the presence of a quantized metric.



Quantum Mechanics

Suppose the gravitational field is initially in state ‘\If>

We don't know what the final state of the field is.

Formally, we calculate the transition probability of the deviation to
g0 from state A to state B in time T in the presence of a
gravitational field that is initially in state | W)

Pyg(A — B) =) 5 (f, BIU(T)|¥, A)|?

The relatively simple form of the action allows the
calculation to be performed exactly



Aside: Influence Functionals

Feynman and Vernon (1963) considered a very general problem in
quantum mechanics

Suppose we have two Interacting systems but we only have
access to or interest in one of them

Then the effect of the system we are not interested in on
the system we are interested in 1s completely encoded by
the influence functional

The influence functional is a double path integral



Integrating Out Gravity

VWe wish to integrate out gravity to see the effect encodes all

on the deviation effects of gravity
on deviation
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Here the influence functional F is
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Influence Functional for Gravity

A calculation in ordinary quantum mechanics
yields the influence functional for gravity

mg
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where
d2
X(t) = 25 (€)
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A Mathematical Trick

VWe now explort the fact that exponentials can be written as Gaussian integrals:
b2 2
ey / dy e~ +by

The infinite-dimensional generalization of this is a path integral:

exp {37;7’}22/0 /O didt' A(t,t") (X (t) — X'(t)) (X(t) X’(t’))}

:/DNexp {;/OT /OTdtdt’A1(t,t’)N(t)N(t’)+;/OTdtTZON(t) (X(t)X’(t))}

N(t) Is a zero-mean Gaussian stochastic function with auto-correlation A(t-t): noise!



Transition Probability

Putting everything together we obtain the
deviation transition probability

Py(A — B) ~ /Dgpgfe% [ dt3mo(£2-¢€"7) <€(% s, dt%N(t)(X(t)—X’(t)))>
N

VWe can now take a saddle point to obtain the geodesic deviation
equation Iin the presence of a quantized metric



Langevin-Like Quantum Geodesic Deviation Equation
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quantum noise

This Is effectively the generalization of the classical geodesic deviation
equation when the spacetime metric is a quantum field

i 1L
Compare classical geodesic deviation: 5 = th

Because of the noise term, the new equation Is a stochastic equation



Classical Geodesic Separation by Gravitational VWaves

classical gravitational wave
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The Noise of Gravitons
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Punchline

The signal of quantum gravity is in the noise.

G. Amelino-Camelia
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Noise Spectrum

The power spectrum Is exactly calculable for many classes of quantum states
(the vacuum, thermal states, coherent states, squeezed states. . .)

Svaclwl) = 4G ha

Ssqueezed (W) &= cosh(2r)4Ghw



Noise for Quantum States of Gravitational Field

The magnitude of the noise depends on the quantum state as well as on the detector

detector sensrtivity

Dy

ax
variance of 0'2 o fg d&)S(G)) noise power spectrum

fluctuation
arm length

For the vacuum state and for coherent states (classical gravitational waves from weak sources)
60 (Ot P&()a)max/c S 10_36 = 10_38m

For thermal states (cosmic gravitational background, evaporating black holes)

< 1073 — 107*m

max v
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For squeezed states (cosmology, non-linear gravitational waves)

r2 exponential enhancement In
OGAE 00 .
squeezing parameter



Discussion



Lessons from EM:Why Quantum Gravity could be Observable

Many observed phenomena show that the electromagnetic field is quantized:

Photon anti-bunching, entangled photons, sub-Poissonian statistics,
Compton effect, Lamb shift, ...

Most of these are tree-level effects In a state that has no classical counterpart

The same is true for gravity: there can be potentially
observable effects if the quantum state of the
gravitational field is not a coherent state



How Gravity Naturally Produces Squeezed States

It we have a field coupled to a classical source £ = —%(8@)2 + Jo
where @ ~ a —+ OJT
then turning on the coupling naturally produces a coherent state:
0) — e”*'[0)
However if the coupling is non-linear JSOQ

i
we produce roughly a squeezed state: ‘O> BT 6Ja ¢ ‘O>

Gravity naturally has such nonlinear couplings which can be expected to
produce squeezed states during the merger phase of black hole collisions

Inflation Is also expected to produce squeezed gravitational states



Congruences in Quantum Spacetime

Consider a cube-shaped , A
congruence of timelike }A
geodesics 1 3

The congruence volume is the product
of the geodesic deviations of the origin
liehiielconners:

V(t) = &@)n(t)¢(t)

n(t + ot) E(¢ + 1)
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Quantum Volume of a Congruence
Fach of £(£) 1(t) C(t) obeys our Langevin equation:

£(t) = &o(1+ N(t)),n(t) =no(1+ N(t)),C(t) = Go(1+ N(2))

Then the expectation of the volume picks up the variance of the deviations:

(V) = (€n¢) =~ &omoCo(1 + 3(N?)) = V. +V,



Quantum Raychaudhurt Equation

Define the congruence expansion
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The classical expansion obeys the classical Raychaudhuri equation

VWe therefore find a quantum Raychaudhuri equation

. 1 .
O = _§9‘23 - 20° + 2w’ — Rou'us i

quantum timelike Raychaudhuri equation

2
For the vacuum, we find éQVaC — —6;53




Summary

Quantum fluctuations of spacetime induce noise In the deviation of particles
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The noise adds a quantum term to the Raychaudhuri equation
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The characteristics of the noise depend on the quantum state of gravity
S — A(Cne

For a squeezed state, the enhanced noise might even be observable

Ssqueezed (W) == cosh(2r)4Ghw



