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Quantum Geometrodynamics Revived

Quantum Geometrodynamics faced several mathematical and

conceptual problems over the years.
See e.g., DeWitt '67, Isham '91, and Kiefer '07

We propose a new approach:

1. Restrict classical theory to a lattice with �nitely many d.o.f.

2. Canonical quantization with representation that enforces

positive de�niteness

3. Quantization of discretized constraints: Weyl quantization,

Approximate Gauge Transformations

4. Continuum Limit

Here, focus on 3 and 4.
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Generalized Weyl Quantization

Weyl quantization can be generalized to our new representation of

the CCR:

Q[f ] =

∫∫
R×R+

f̃ (ξ, κ)e
1
2
iξκe iξq̂U(κ)dξdκ+ h.c.

This ensures

Q [(aq + bp)n] = (aq̂ + bp̂)n + (aq̂ + bp̂†)n.

Can be used to quantize lattice constraints involving di�cult

expressions, such as inverse square roots:

Ĥn[Nn] = Q[Hn[Nn]]
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Classical Approximate Gauge Transformations
If constraints form a Lie algebra (e.g. the di�eomorphism

constraints), a better way is available. General form of continuum

constraint:

D[f ] =

∫
T
D(ϕ(x), ∂ϕ(x), π(x), ∂π(x))f (x)dx

Satis�es �rst class Poisson bracket algebra:

{D[f ],D[g ]} = D[F (f , ∂f , g , ∂g)]

Use lattice discretization ϕn(x) =
∑Nn

k=1 ϕnkχXk
(x). Lattice

constraints are given by:

Dn[fn] =
Nn∑
k=1

D(ϕnk ,∆nϕnk , πnk ,∆
nπnk)fnkηn

Algebra on the lattice:

{Dn[fn],Dn[gn]} = Dn[Fn(fn,∆
nfn, gn,∆

ngn)]+ηnGn(fn,∆
nfn, gn,∆

ngn)
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Classical Approximate Gauge Transformations

Solve Hamilton's equations of motion on the lattice:

dϕn[gn]

ds
= {ϕn[gn],Dn[fn]}

Solution only depends on inital data for ϕnk if Dn[fn] is of �rst

order in πnk . The Hamiltonian �ow φ
Dn[fn]
s can be interpreted as an

approximate gauge transformation.
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Quantum Approximate Gauge Transformations

De�ne approximate gauge transformation in the quantum theory on

the lattice:(
U
(
φ
Dn[fn]
s

)
ψn

)
((ϕnk)k) =

√
det

(
J
φ
Dn [fn ]
s

((ϕnk)k)
)
ψn(φ

Dn[fn]
s ((ϕnk)k))

Forms a unitary one�parameter group ⇒ generator exists
See Thiemann '22 for related approach
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Continuum Limit
The Weyl algebra on the lattice is spanned by the exponentiated

canonical variables:

Wn = span{eϕ̂n[fn]+π̂n[gn]}

Let W = lim←−Wn be the inverse limit with identi�cations

ϕ̂n+1,2k fn+1,2k + ϕ̂n+1,2k+1fn+1,2k+1 ≡ ϕ̂nk(fn+1,2k + fn+1,2k+1)

Choose a sequence ψn of states on every lattice. De�ne

ωn

(
eϕ̂n[fn]+π̂n[gn]

)
:=

〈
ψn, e

ϕ̂n[fn]+π̂n[gn]ψn

〉
.

If ωn forms Cauchy sequence, de�ne

ω
(
lim
n→∞

eϕ̂n[fn]+π̂n[gn]
)
:= lim

n→∞
ωn

(
eϕ̂n[fn]+π̂n[gn]

)
.

Use GNS�construction to obtain continuum Hilbert space.
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Gauge Transformations in the Continuum

Continuum Limit of approximate lattice gauge transformations not

easy, since UDn[fn](s)WnUDn[fn](−s) is not automatically contained

in Wn.

If ψ is a state in the continuum Hilbert space, choose a sequence

ψn such that ωn converges to the algebraic state de�ned by ψ.
Expand gauge transformed lattice states using lattice Weyl algebra:

UDn[fn](s)ψn =
∑
k

cnke
ϕ̂n[fnk ]+π̂n[gnk ]ψn

De�ne gauge transformed continuum state as:

UD[f ](s)ψ = lim
n→∞

∑
k

cnke
ϕ̂n[fnk ]+π̂n[gnk ]ψ

7 / 8



Summary and Outlook

Summary

• Generalized Weyl transformation for quantizing H

• Discretized �rst class constraints generate approximate gauge

transformations

• Quantize approximate gauge transformations

• Continuum limit of lattice theories using Cauchy criterion

• Method of taking continuum limit of approximate gauge

transformations

Outlook

• Continuum limit of lattice Hamiltonian constraints

• Supply missing estimates (Use convergence results in

numerical relativity)

See arXiv:2305:09650 and arXiv:2305.10097, and Susanne's talk.
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Thank you for your attention!


