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The 4D challenge of Quantum Gravity

Quantum and Random Geometry for D = 2

Matrix Models: generating function of discrete surfaces (comb. maps)

2D Liouville gravity at criticality, also branched polymere phase

precise notion ‘continuum random geometry’: Brownian map, random tree

geometry critical exp. spectral dim. Hausdorff dim.
branched polymere γs =

1
2 Ds =

4
3 Dh = 2

D = 2 gravity γs = − 1
2 Ds = 2 Dh = 4

D > 2 gravity ? ?? Ds = D ??

How to obtain D > 2 continuum space-time geometry?

Tensor Models with rank r generate discrete r-dim. (pseudo) manifolds,
but only branched polymere / 2D gravity at criticality

Ds > 2 from additional combinatorial structure (as causal one in CDT)?
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Combinatorially Non-Local Field Theory

Idea here: add geom. d.o.f. qqq generalizing tensors T a1...ar
to fields Φ(q1, ..., qr):

S[Φ] =

∫
dqqq Φ̄(qqq)(qqq2 + µ)Φ(qqq) +

∑
γ

λγ

∫ k∏
i=1

dqqqi
∏

(ia,jb)

δ(qai − qbj)

k∏
i=1

Φ(qqqi)

pairwise convolution of qa ∈ Rd, a = 1, ..., r, given by graphs γ

∼=

1

2

3

4

cNLFT provides sum over comb. manifolds and geometries thereon!

Znlft =
∑
Γ

λλλVΓAΓ({qf}) , AΓ({qf}) =
∫

IΓ =
∏
f

vd

∫
qd−1
f dqf

∏
e

1∑
f>e

qqq2f + µ

Feynman diagrams Γ with qqqf on faces f → geometry on complex dual to Γ
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Quantum spectral dimension

Spectral dimension Ds(τ) := −2τ∂τ logP (τ) from scaling of heat kernel eτ∆,

P (τ) = Tr
(
eτ∆

)
∼ τ−Ds/2

Quantum gravity: expectation w.r.t. measure on geometries dµ(g) on mf. M:

⟨P (τ)⟩M =

∫
dµ(g)Tr

(
eτ∆g

)
∼ τ−Ds/2

Simple model of quantum geometry [Calcagni/Oriti/JT 2014]

M = lattice with spacing given by
single geom. variable q ∈ [qmin, qmax]

spectrum ∆(q) = q−2β
∏

a(1− cos pa)

scaling measure dµ(q) ∼ q−γ

Result: Flow to intermediate Ds =
γ − 1

β
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Spectral dimension in cuboid / frustum spin foams

Result applies to the restricted spin-foam model of cuboids [Bahr/Steinhaus 1508]:

j3

j1j2 e1

−e1 e2

−e2

e3

−e3

Euclidean Spin(4) ∼= SU(2)× SU(2) model

face weights A(α)
f = (dim j+f · dim j−f )α

measure dµ(ji) =
∏

v Âv(ji)

homogeneous Âv(λji) = λ12α−9Âv(ji)

Computation of Ds possible for N -periodic configurations [Steinhaus/JT 1803]:

numerical result: intermediate Ds = Dα
s

anal. argument assuming ∆{jf} ∼ j̄−1∆:

Dα
s = 2(9− 12α)V − 2n

for n = 6N 2 spins jf , V = N 4 vertices

Similar results for frustum geometries [Jercher/Steinhaus/JT 2304]
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New Analytic Explanation

If convergent, switch integrals

⟨P (τ)⟩ =
∫

dq q−γ

∫
dp e

− τ

q2β
∆(p)

=

∫
dp

∫
dq q−γe

− τ

q2β
∆(p)

Change of variables t = τ∆
q2β

for τ∆ ̸= 0 yields definition of Γ function:∫ ∞

0

dq q−γe
− τ

q2β
∆

=
1

2β
(τ∆)

1−γ
2β

∫ ∞

0

dt t
γ−n
2β

−1
e−t =

1

2β
(τ∆)

− γ−1
2β Γ

(
γ − 1

2β

)

Universal result ⟨P (τ)⟩ ∝ τ−
Ds
2 = τ−

γ−1
2β indep. of ∆/manifold !

flow to Ds = 0 effect of qmin > 0, flow to Ds = D effect of qmax < ∞.

convergence criterion
∫ p1

p0
dp∆(p)−

γ−1
2β < ∞ specific to spectrum of ∆:

upper bound on possible Ds if p0 = 0 (e.g. Ds = γ−1
β

≤ 1 for 1D lattice)

discrete spectrum: isolated p0 = 0 needs regularization as
∫∞
0

dq q−γ = ∞
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∫ ∞

0

dt t
γ−n
2β

−1
e−t =

1

2β
(τ∆)

− γ−1
2β Γ

(
γ − 1

2β

)

Universal result ⟨P (τ)⟩ ∝ τ−
Ds
2 = τ−

γ−1
2β indep. of ∆/manifold !

flow to Ds = 0 effect of qmin > 0, flow to Ds = D effect of qmax < ∞.

convergence criterion
∫ p1

p0
dp∆(p)−

γ−1
2β < ∞ specific to spectrum of ∆:

upper bound on possible Ds if p0 = 0 (e.g. Ds = γ−1
β

≤ 1 for 1D lattice)

discrete spectrum: isolated p0 = 0 needs regularization as
∫∞
0

dq q−γ = ∞
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Spectral dimension in cNLFT

Global observables defined on individual diagrams Γ/ discrete geometries:

⟨P (τ)⟩ =
∑
Γ

λλλVΓ⟨P (τ)⟩Γ =
∑
Γ

λλλVΓ

∫
IΓ({qf}) Tr(eτ∆Γ({qf}))

Intricate sum over integrals in general → qualitative result using

1 assumption ∆Γ({qf}) = q̄−2β∆Γ({qf = 1}) [Sahlmann 2011]

2 scaling IΓ({qf}) =
∏

f vdq
d−1dq∏

e

∑
q2f+µ

∼ vFd
vF

F ! dq̄ q̄dF−1−2E

Then

⟨P (τ)⟩ ∼
∑
Γ

λλλVΓvFΓ

d

vFΓ

FΓ!

∫
dq̄ q̄dFΓ−2EΓ−1 Tr(e

τ

q̄2β
∆Γ)︸ ︷︷ ︸

= 1
2βΓ

(
dFΓ−2EΓ

2β

)
Tr(τ∆)

− dFΓ−2EΓ
2β
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Conclusion: 4D continuum geometry possible

Power dFΓ − 2EΓ is just the superficial degree of divergence ωs.d., indep. of F :

⟨P (τ)⟩ ∼ τ−
ωs.d.

2β
1

2β
Γ(

ωs.d.

2β
)
∑
F

nΓ(F )
F (

√
πvdλ

cV )F

F !(F/2)!
Tr(∆−ωs.d.

2β )

Spectral dimension Ds =
ωs.d.

2β
if the sum over F is convergent

e.g. known renormalizable quartic theories have ωs.d. = 2 for 2-pt function

variables qf interpreted as face areas → 2β = 1; then Ds = 4

convergence depends on growth of # of diagrams nΓ(F ) = |{Γ|FΓ = F}|

Tensor fields provide a way out of the 2D trap of random geometry!

even if combinatorial geometry is D = 3
4 or 2, 4D geometry possible

necessary: additional geometric variables and the “right” critical regime
→ agenda: (1) determine fixed points and their diagrammatics

(2) check convergence of above result at the fixed point
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Thanks for your attention!
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