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POLYMER QUANTUM MECFHANICS
REPRESENTATION

PQM is an alternative representation of quantum mechanics not equivalent to the Schrédinger one

that can be introduced through the following steps:

- definition of abstract kets |u)in the Hilbert space H o1, with p € R;
»  definition of the inner product {u|v) = §,,,;
« definition of two main operators on Hoy:

the label operator €|p) := p|p) thatis discrete,

the shift operator 5(\)|u) := |1 + A) thatis discontinuous.




PQM is able to implement quantum gravity effects
through a simpler mathematical framework with respect to Loop Quantum Cosmology.

. . o,
In the p polarization: g, (p) = —za—pw”(p) = ), (p)

Vu(p) == (plp) = P V(AN (p) = eMPei? = ¢t Nr — 4 1 (p)

=—

q is discrete then p does not exist

o polymerlattice: Y =1{¢€R:q=nu,YnecZ}

1 [ .
* polymer approximation: p~p, = o sin (up) = @(eZMD Ny <1
R ﬁQ N ]32
N Y. P 2




THE VILENKIN PROPOSAL

WAVEFUNCTION

INTERPRETATION = the phase space is divided into a semiclassical (S) and a quantum (q) region.

1. < H,> /< H;s >= o(h) === the quantum region is small and the effects on the semiclassical
region are negligible

2. A(s)e™/M5()y (g, s) wmmmm the Universe wave function is the product of a semiclassical
contribution (WKB expandable in %) and a quantum one;

3. 95x(q, )| < ||0s.A(s)| === the dependence of X on § is parametric (Born-Oppenheimer
approximation).

wmunmzI-—-Q9vV=<=oI

From the Wheeler-DeWitt equation we obtain
* the HAMILTON-JACOBI EQUATION (phase S) at the zero order in #;
e the CONTINUITY EQUATION (amplitude .A)
and the SCHRODINGER EQUATION (quantum wave function X) at the first order in #;

~— . semiclassical clock for the quantum system
and semipositive-defined probability! )




VILENKIN MEETS POLYMER

polymerized Universe area

Bianchi IX with a A=3/2,/9 9 A2
quadratic H:T[_?)ﬁ(élw)? +p§+Pi+p2_+A2(5i+53)]=0, ATt
(Taylor-expanded)

( | | J

potential l l

Vilenkin approach e CLASSICAL PHASE SPACE (A, ¢) + SMALL QUANTUM D.O.F. (5., 5_)
in the momentum representation

2 sin®(upa) ( 0S ° 9
s > + py = 0 HAMILTON-JACOBI EQUATION
3v/2(4m)2 I dpa
%i (Aﬁ) (] CONTINUITY EQUATION
Opa \ Opa
P2+ p* — A7) i O (pg, 7) = i 2P T) SCHRODINGER EQUATION
e op2 | op* i or




DY NAMICS OF TiRE SEMICLASSICAL SECTOR

HAMILTONIAN OF THE SEMICLASSICAL BACKGROUND WITH POLYMER MODIFICATIONS

A_3/2\/§{ 2 A sin®(upa) 2}

HC ass > _'_
l 2 3v2(4r)2 2 Po

l N = 243/2/4/2 time gauge

R g o mAl
AP - —e sin cos (upa
) 7 SRe (kpa) cos (upa)
T _NaHgOl ! Asin?(up4)
\ dA /258 S
l A(()) == pA(()) = 37T/2 initial conditions 0015 0010  -0.005 0000 0.005 0.010 0.015 '
fA( i sin(24%) 7 Ceos [(BHTY sin(247)7 The polymerization of the Universe area
Eis V28872 V288721 removes the singularity
. ) ) t[ ( sin(éf;—“)fr> . (3W)] and reproduces a Big Bounce.
T) = —arccot | exp | — ——=—— ) cot [ —
§& H p V28872 4




QUANTUM BERAVIOUR OF THIE ANISOTROPIES

+ (8.Y]2
TIME-DEPENDENT HARMONIC OSCILLATOR X6
0* & Ox(p=, )
2 2 2 : )
—A T TR =
lp+ T T (1) (6}91 ) )} X(p+, T) 5
l eiFYH(T) i B 24 2
solution Xf(ﬁi,’r) — ﬁ(ﬁ—i>e4(9+p2)5ﬂ:
VInl2hp  \ P
— P+ 4@,@ = () the time-dependent frequency = - 8.
is the Universe area!

Thanks to the presence of the potential
the polymer effects enterin
the quantum dynamics of the anisotropies
by means of the bouncing solution
of the Universe area,
i.e. the time-dependent frequency.
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QUANTUM BERAVIOUR OF THIE ANISOTROPIES

Exact computation of the mean value and variance of the anisotropies
on the time-dependent harmonic oscillator eigenstates

A BN (A ~—+ . ap e e
6i = (a,j: -+ ai) creation and annihilation operators

MEAN VALUE

< n|Biln >=< nl%(\/ﬁm —1>+vnjn+1>)=(0 == the eigenstatesare quasi-isotropic states!

AB+

VARIANCE

x : 1
Aﬁi=\/<ﬁi>—<5i>2=(n+§)02

The variance of the anisotropies has an _
oscillatory and confined character. 1.0




QUANTUM BERAVIOUR OF THIE ANISOTROPIES

Exact computation of the mean value and variance of the shear
on the time-dependent harmonic oscillator eigenstates

Q = (Hy — Hy)? + (Hy — Hs)* + (H; — Hy)? —18(5+ + - ) 2(p5 +p2)

MEAN VALUE VARIANCE
} - 5 2 T
0= 144( +p> AQ:\/<Q2>—<Q>2=144\/n BN |
p? 2 p?
<Q> AQ
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QUANTUM BERAVIOUR OF THIE ANISOTROPIES

l

The presence of a harmonic potential is a NECESSARY CONDITION
in order to maintain the Universe in a quasi-isotropic state.

IS IT ALSO A SUFFICIENT CONDITION?




QUANTUM BERAVIOUR OF THIE ANISOTROPIES

l

The presence of a harmonic potential is a NECESSARY CONDITION
in order to maintain the Universe in a quasi-isotropic state.

IS IT ALSO A SUFFICIENT CONDITION?

| Lo L | L1 L Lo L | 1
0.5 1.0 1.5 2.0 2 3.0

Behaviour of anisotropy variance in time along the collapsing (singular) branch.
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COINIEEYUSONS

The Vilenkin approach can be reformulated in &
the momentum representation to make it
compatible with the polymer formulation.

A Big Bounce emerges and a Schrodinger @&
evolution is recovered.

The Bianchi IX quadratic potential is able to i
maintain the Universe in a quasi-isotropic state
across a Big Bounce.
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WHAT IS THE BlG BOUNCE?

Best attempt to solve the Big Bang singularity i
in Loop Quantum Cosmology thanks to the -
discrete spectrum of geometrical operators

like area and volume.

The Big Bounce has been characterized

G mainly at a semiclassical level but in the
Planckian era the quantum effects are not
negligible.

Anisotropic degrees of freedom can arise
approaching the singularity. Then, a FLRW

a model could turn into a Bianchi one and
hence the hypothesis of localized wave-
packets would be violated.

Universe 8(6), 302 (2022)
https://doi.org/10.3390/universe8060302
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THE BIANCHI IX MODEL

Bianchi IX metrics in the Misner variables
1 A
2 2 1,2 2 28
ds® = N(t)°dt* — ik (e )Z.j o'
Bianchi IX Hamiltonian
Ne—Sa
3(87)?
Arnowitt-Deser-Misner reduction of the
Hamiltonian

Ho = —pa = /$3 + 92 + 3(4n) el (By)

i [ — P2 +p2 +p2 +3(4n) e’ U(B)]

The classical dynamics is singular and chaotic.

The motion of the point-Universe in the potential
well is described by the following reflection law:

%Siﬂ(@i +60¢) =sinf; —sinfy

O_A

Equipotential lines of the Bianchi IX potential

sl — §e4B+ (cosh(4v38_) — 1)+ 1+
— %e%* cosh(2v/36_) + %e—sm
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QUANTUM BERAVIOUR OF THIE ANISOTROPIES

TIME-DEPENDENT HARMONIC OSCILLATOR

0? 0? Ox(ps, T)
2 2 ey 2 S B . 3
[p+ +p2 — A (’T)( o + o2 )}x(pixf) =

| X*(8:)]2
G BIANCHI | approximation (the potential is neglected)  oss- !

0.30}

0? Ox(p+,T) :
2 2 _ 42 A ’ 0.25F
[m +pZ (T[%{am i )} X(p+,T) =1 5 =l
0.15_—
0.10?
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The polymer effects enter in the time variable In the Bianchi | model the anisotropies
by means of the bouncing solution of the Universe area are NOT under control
and so they can affect the anisotropies quantum dynamics. across a Big Bounce.
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