
13th July, Quantum Gravity 2023
Radboud University, Nijmegen, NL

Sebastian Murk

Regular black holes
and the first law of BH mechanics



2© Okinawa Institute of Science and Technology Graduate University 20202 0 2 3 / 7 / 1 2

Based on arXiv:2304.05421 [gr-qc]

Ioannis Soranidis

Sydney

arXiv:2304.05421 [gr-qc]Hyperlink:

🔜

https://arxiv.org/abs/2304.05421


3© Okinawa Institute of Science and Technology Graduate University 20202 0 2 3 / 7 / 1 2

Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:
<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:
<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

Spherical symmetry:
<latexit sha1_base64="jcOr5Ez9w0Z6zi3G5uhBVURsFbI="></latexit>

ds2 = �e2h(v,r)f(v, r)dv2 + 2eh(v,r)dvdr + r2d⌦2

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r

<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

Spherical symmetry:
<latexit sha1_base64="jcOr5Ez9w0Z6zi3G5uhBVURsFbI="></latexit>

ds2 = �e2h(v,r)f(v, r)dv2 + 2eh(v,r)dvdr + r2d⌦2

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r

<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

Metric functions:
<latexit sha1_base64="Yrew8aP/FqzjOVkZ2eFqC+nr0z0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v)
�
r � r+(v)

�i

h(v, r) =
1X

i=1

�i(v)
�
r � r+(v)

�i

Spherical symmetry:
<latexit sha1_base64="jcOr5Ez9w0Z6zi3G5uhBVURsFbI="></latexit>

ds2 = �e2h(v,r)f(v, r)dv2 + 2eh(v,r)dvdr + r2d⌦2

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r

Metric functions:

Generic dynamical RBHs:

<latexit sha1_base64="5L/Yi1oTRK5gpgCblZ6GVGxP6U8=">AAACF3icbVDLSgMxFM34rPU16tJNsAguyjBTirpRim5cSQX7gE4pSZq2oZnMkGSEMvQv3Pgrblwo4lZ3/o2Z6Sy09UDg5Jx7ufceHHGmtOt+W0vLK6tr64WN4ubW9s6uvbffVGEsCW2QkIeyjZGinAna0Exz2o4kRQHmtIXH16nfeqBSsVDc60lEuwEaCjZgBGkj9WwHlTH0mYB+gPQI4+R22ksu3emFz7FEhEKvXCk7juPL7NuzS67jZoCLxMtJCeSo9+wvvx+SOKBCE46U6nhupLsJkpoRTqdFP1Y0QmSMhrRjqEABVd0ku2sKj43Sh4NQmic0zNTfHQkKlJoE2FSm26t5LxX/8zqxHpx3EyaiWFNBZoMGMYc6hGlIsM8kJZpPDEFEMrMrJCNkAtAmyqIJwZs/eZE0K4536lTvqqXaVR5HARyCI3ACPHAGauAG1EEDEPAInsEreLOerBfr3fqYlS5Zec8B+APr8wfwdJ3p</latexit>

a, b 2 N>0 = {1, 2, ...}

<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

<latexit sha1_base64="+IluhmRoycev4MaFEtVwjY02WsA=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkaEsi9bERim5cVrAPaGOYTCfp0MmDmUmhhH6JG3/FjQtFBFf6N07TULT1wDBnzrmXO/c4ESVcGMa3kltaXlldy68XNja3tnfU3b0mD2OGcAOFNGRtB3JMSYAbggiK2xHD0HcobjmDm4nfGmLGSRjci1GELR96AXEJgkJKtnrm6sMTVrry0qvrEE9nZWaX9WH6KD3AmXY80xxbLRoVI4W2SMyMFEGGuq1+dnshin0cCEQh5x3TiISVQCYIonhc6MYcRxANoIc7kgbQx9xK0vXG2pFUepobMnkCoaXq744E+pyPfEdW+lD0+bw3Ef/zOrFwL62EBFEscICmg9yYaiLUJllpPcIwEnQkCUSMyL9qqA8ZREImWpAhmPMrL5LmacU8r1TvqsXadRZHHhyAQ6ADE1yAGrgFddAACDyCZ/AK3pQn5UV5Vz6mpTkl69kHf6B8/QCceZ+5</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

�b

<latexit sha1_base64="Yrew8aP/FqzjOVkZ2eFqC+nr0z0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v)
�
r � r+(v)

�i

h(v, r) =
1X

i=1

�i(v)
�
r � r+(v)

�i

Spherical symmetry:
<latexit sha1_base64="jcOr5Ez9w0Z6zi3G5uhBVURsFbI="></latexit>

ds2 = �e2h(v,r)f(v, r)dv2 + 2eh(v,r)dvdr + r2d⌦2

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Setup: semiclassical gravity, spherical symmetry, & dynamical RBHs

Semiclassical gravity:

Spherical symmetry:
<latexit sha1_base64="jcOr5Ez9w0Z6zi3G5uhBVURsFbI="></latexit>

ds2 = �e2h(v,r)f(v, r)dv2 + 2eh(v,r)dvdr + r2d⌦2

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r

Metric functions:

At outer horizon               :<latexit sha1_base64="mpnbkJcOk3OrkmMWvMIYlmHbej4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/loxkn6Ed0IHnIGTVWaqkb1cvOJ71S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslJ9qJZrt3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHF/ePbA==</latexit>r = r+

Generic dynamical RBHs:

<latexit sha1_base64="5L/Yi1oTRK5gpgCblZ6GVGxP6U8=">AAACF3icbVDLSgMxFM34rPU16tJNsAguyjBTirpRim5cSQX7gE4pSZq2oZnMkGSEMvQv3Pgrblwo4lZ3/o2Z6Sy09UDg5Jx7ufceHHGmtOt+W0vLK6tr64WN4ubW9s6uvbffVGEsCW2QkIeyjZGinAna0Exz2o4kRQHmtIXH16nfeqBSsVDc60lEuwEaCjZgBGkj9WwHlTH0mYB+gPQI4+R22ksu3emFz7FEhEKvXCk7juPL7NuzS67jZoCLxMtJCeSo9+wvvx+SOKBCE46U6nhupLsJkpoRTqdFP1Y0QmSMhrRjqEABVd0ku2sKj43Sh4NQmic0zNTfHQkKlJoE2FSm26t5LxX/8zqxHpx3EyaiWFNBZoMGMYc6hGlIsM8kJZpPDEFEMrMrJCNkAtAmyqIJwZs/eZE0K4536lTvqqXaVR5HARyCI3ACPHAGauAG1EEDEPAInsEreLOerBfr3fqYlS5Zec8B+APr8wfwdJ3p</latexit>

a, b 2 N>0 = {1, 2, ...}

<latexit sha1_base64="M2eieLAWJiLEsDFeeCp4vZCARRE="></latexit>

C(v, r)
��
r=r+

= r+(v) , h(v, r)
��
r=r+

= 0

Mann, SM, Terno,
Int. J. Mod. Phys. D 31, 2230015 (2022).<latexit sha1_base64="7KrQgeHt7GkGcDgEqPugg0TJZdI="></latexit>

Rµ⌫ � 1
2Rgµ⌫ = 8⇡hT̂µ⌫i 

<latexit sha1_base64="+IluhmRoycev4MaFEtVwjY02WsA=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkaEsi9bERim5cVrAPaGOYTCfp0MmDmUmhhH6JG3/FjQtFBFf6N07TULT1wDBnzrmXO/c4ESVcGMa3kltaXlldy68XNja3tnfU3b0mD2OGcAOFNGRtB3JMSYAbggiK2xHD0HcobjmDm4nfGmLGSRjci1GELR96AXEJgkJKtnrm6sMTVrry0qvrEE9nZWaX9WH6KD3AmXY80xxbLRoVI4W2SMyMFEGGuq1+dnshin0cCEQh5x3TiISVQCYIonhc6MYcRxANoIc7kgbQx9xK0vXG2pFUepobMnkCoaXq744E+pyPfEdW+lD0+bw3Ef/zOrFwL62EBFEscICmg9yYaiLUJllpPcIwEnQkCUSMyL9qqA8ZREImWpAhmPMrL5LmacU8r1TvqsXadRZHHhyAQ6ADE1yAGrgFddAACDyCZ/AK3pQn5UV5Vz6mpTkl69kHf6B8/QCceZ+5</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

�b

<latexit sha1_base64="Yrew8aP/FqzjOVkZ2eFqC+nr0z0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v)
�
r � r+(v)

�i

h(v, r) =
1X

i=1

�i(v)
�
r � r+(v)

�i

<latexit sha1_base64="WBsWq5q36M1IZ0dxzEoEhmlLp4w=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiol4CpR70WMF+QBvCZrttl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5oUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUvFqSS0SWIey06IFeVM0KZmmtNOIimOQk7b4fhm5rcfqVQsFg96klA/wkPBBoxgbaTALhPv1uuNQiy9cVD33MCuOFVnDrRK3JxUIEcjsL96/ZikERWacKxU13US7WdYakY4nZZ6qaIJJmM8pF1DBY6o8rP54VN0apQ+GsTSlNBorv6eyHCk1CQKTWeE9UgtezPxP6+b6sG1nzGRpJoKslg0SDnSMZqlgPpMUqL5xBBMJDO3IjLCEhNtsiqZENzll1dJ67zqXlYv7i8qtXoeRxGO4QTOwIUrqMEdNKAJBFJ4hld4s56sF+vd+li0Fqx85gj+wPr8ASTkkh4=</latexit>

c = G = ~ = kB = 1

<latexit sha1_base64="YO+B91NxNeWwRKdMGjAAXeimmcU=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQUcuMFHVZdOOygn1IO5RMmtbQJDMkGaEM/Qo3LhRx6+e482/MtLPQ1hMCh3Pu5d57gogzbVz328ktLa+sruXXCxubW9s7xd29pg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB6Cb1W09UaRbKezOOqC/wULIBI9hY6aF8dnqSvuNeseRW3CnQIvEyUoIM9V7xq9sPSSyoNIRjrTueGxk/wcowwumk0I01jTAZ4SHtWCqxoNpPpgtP0JFV+mgQKvulQVP1d0eChdZjEdhKgc2jnvdS8T+vE5vBlZ8wGcWGSjIbNIg5MiFKr0d9pigxfGwJJorZXRF5xAoTYzMq2BC8+ZMXSfO84l1UqnfVUu06iyMPB3AIZfDgEmpwC3VoAAEBz/AKb45yXpx352NWmnOynn34A+fzB6tmjmA=</latexit>

(�,+,+,+)

https://doi.org/10.1142/S0218271822300154
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Surface gravity and the first law of BH mechanics

<latexit sha1_base64="P7XjyApdDd1Q6RC/A367s0EJ8ko=">AAACD3icbVA9SwNBEN2LXzF+nVraLAbFKtxJ0DRC1MZGiGA+IBfC3GYvWbJ3t+zuCeHIP7Dxr9hYKGJra+e/cZNcoYkPBh7vzTAzzxecKe0431ZuaXlldS2/XtjY3NresXf3GipOJKF1EvNYtnxQlLOI1jXTnLaEpBD6nDb94fXEbz5QqVgc3euRoJ0Q+hELGAFtpK597PUo14BvL7xAAkm9IQgB47SCPcHGOHMvu3bRKTlT4EXiZqSIMtS69pfXi0kS0kgTDkq1XUfoTgpSM8LpuOAligogQ+jTtqERhFR10uk/Y3xklB4OYmkq0niq/p5IIVRqFPqmMwQ9UPPeRPzPayc6qHRSFolE04jMFgUJxzrGk3Bwj0lKNB8ZAkQycysmAzC5aBNhwYTgzr+8SBqnJfesVL4rF6tXWRx5dIAO0Qly0TmqohtUQ3VE0CN6Rq/ozXqyXqx362PWmrOymX30B9bnDwT6nAU=</latexit>

�M =


8⇡
�A

First law of BH mechanics:
Bardeen, Carter, Hawking,
Commun. Math. Phys. 31, 161 (1973).

<latexit sha1_base64="EKB739wlh4CoMUBSDMaCKQ+gTNg=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKgQslSpYEFMr0YvURpXjOK1VJ45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg506f/P0fnnN+NGJXKsr6N3Nr6xuZWfruws7u3f2AeHnUkjwUmbcwZFz0XScJoSNqKKkZ6kSAocBnpupOb1O8+ECEpD+/VNCJOgEYh9SlGSktDs1jxuYDlgUeYQvCunkGrbpXPhmbJqlrzgqtgZ1ACWTWH5tfA4zgOSKgwQ1L2bStSToKEopiRWWEQSxIhPEEj0tcYooBIJ5k/MYOnWvFgeo3PQwXn6u+JBAVSTgNXdwZIjeWyl4r/ef1Y+VdOQsMoViTEi0V+zKDiME0EelQQrNhUA8KC6lshHiOBsNK5FXQI9vLLq9CpVe2L6nmrVmpcZ3HkQRGcgAqwwSVogFvQBG2AwSN4Bq/gzXgyXox342PRmjOymWPwp4zPH3sulhE=</latexit>

(for �J = �Q = 0)

https://doi.org/10.1007/BF01645742
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Surface gravity and the first law of BH mechanics

<latexit sha1_base64="P7XjyApdDd1Q6RC/A367s0EJ8ko=">AAACD3icbVA9SwNBEN2LXzF+nVraLAbFKtxJ0DRC1MZGiGA+IBfC3GYvWbJ3t+zuCeHIP7Dxr9hYKGJra+e/cZNcoYkPBh7vzTAzzxecKe0431ZuaXlldS2/XtjY3NresXf3GipOJKF1EvNYtnxQlLOI1jXTnLaEpBD6nDb94fXEbz5QqVgc3euRoJ0Q+hELGAFtpK597PUo14BvL7xAAkm9IQgB47SCPcHGOHMvu3bRKTlT4EXiZqSIMtS69pfXi0kS0kgTDkq1XUfoTgpSM8LpuOAligogQ+jTtqERhFR10uk/Y3xklB4OYmkq0niq/p5IIVRqFPqmMwQ9UPPeRPzPayc6qHRSFolE04jMFgUJxzrGk3Bwj0lKNB8ZAkQycysmAzC5aBNhwYTgzr+8SBqnJfesVL4rF6tXWRx5dIAO0Qly0TmqohtUQ3VE0CN6Rq/ozXqyXqx362PWmrOymX30B9bnDwT6nAU=</latexit>

�M =


8⇡
�A

First law of BH mechanics:
Bardeen, Carter, Hawking,
Commun. Math. Phys. 31, 161 (1973).

<latexit sha1_base64="EKB739wlh4CoMUBSDMaCKQ+gTNg=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKgQslSpYEFMr0YvURpXjOK1VJ45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg506f/P0fnnN+NGJXKsr6N3Nr6xuZWfruws7u3f2AeHnUkjwUmbcwZFz0XScJoSNqKKkZ6kSAocBnpupOb1O8+ECEpD+/VNCJOgEYh9SlGSktDs1jxuYDlgUeYQvCunkGrbpXPhmbJqlrzgqtgZ1ACWTWH5tfA4zgOSKgwQ1L2bStSToKEopiRWWEQSxIhPEEj0tcYooBIJ5k/MYOnWvFgeo3PQwXn6u+JBAVSTgNXdwZIjeWyl4r/ef1Y+VdOQsMoViTEi0V+zKDiME0EelQQrNhUA8KC6lshHiOBsNK5FXQI9vLLq9CpVe2L6nmrVmpcZ3HkQRGcgAqwwSVogFvQBG2AwSN4Bq/gzXgyXox342PRmjOymWPwp4zPH3sulhE=</latexit>

(for �J = �Q = 0)

Horizon area:
<latexit sha1_base64="ctsTJbt4StDfv01aWlclDp0b9og=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglCSUtSLUPXisYL9gDaGzXbbLt1swu5GqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtizpR2nG8rt7K6tr6R3yxsbe/sFu29/aaKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHN1G89UqlYJO71OKZeiAeC9RnB2ki+XbxCl6iKujFD0j99qPh2ySk7M6Bl4makBBnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfODp+gY6P0UD+SpoRGM/X3RIpDpcZhYDpDrIdq0ZuK/3mdRPcvvJSJONFUkPmifsKRjtA0BdRjkhLNx4ZgIpm5FZEhlphok1XBhOAuvrxMmpWye1au3lVLtessjjwcwhGcgAvnUINbqEMDCCTwDK/wZj1ZL9a79TFvzVnZzAH8gfX5A8YfkT0=</latexit>

A = 4⇡r2+

<latexit sha1_base64="IfnI2Blw24W2W/8hfBCXEIEsvoU="></latexit>

�M

�r+
=



8⇡

�A

�r+
)  =

1

2r+

https://doi.org/10.1007/BF01645742
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<latexit sha1_base64="P7XjyApdDd1Q6RC/A367s0EJ8ko=">AAACD3icbVA9SwNBEN2LXzF+nVraLAbFKtxJ0DRC1MZGiGA+IBfC3GYvWbJ3t+zuCeHIP7Dxr9hYKGJra+e/cZNcoYkPBh7vzTAzzxecKe0431ZuaXlldS2/XtjY3NresXf3GipOJKF1EvNYtnxQlLOI1jXTnLaEpBD6nDb94fXEbz5QqVgc3euRoJ0Q+hELGAFtpK597PUo14BvL7xAAkm9IQgB47SCPcHGOHMvu3bRKTlT4EXiZqSIMtS69pfXi0kS0kgTDkq1XUfoTgpSM8LpuOAligogQ+jTtqERhFR10uk/Y3xklB4OYmkq0niq/p5IIVRqFPqmMwQ9UPPeRPzPayc6qHRSFolE04jMFgUJxzrGk3Bwj0lKNB8ZAkQycysmAzC5aBNhwYTgzr+8SBqnJfesVL4rF6tXWRx5dIAO0Qly0TmqohtUQ3VE0CN6Rq/ozXqyXqx362PWmrOymX30B9bnDwT6nAU=</latexit>

�M =


8⇡
�A

First law of BH mechanics:
Bardeen, Carter, Hawking,
Commun. Math. Phys. 31, 161 (1973).

<latexit sha1_base64="EKB739wlh4CoMUBSDMaCKQ+gTNg=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKgQslSpYEFMr0YvURpXjOK1VJ45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg506f/P0fnnN+NGJXKsr6N3Nr6xuZWfruws7u3f2AeHnUkjwUmbcwZFz0XScJoSNqKKkZ6kSAocBnpupOb1O8+ECEpD+/VNCJOgEYh9SlGSktDs1jxuYDlgUeYQvCunkGrbpXPhmbJqlrzgqtgZ1ACWTWH5tfA4zgOSKgwQ1L2bStSToKEopiRWWEQSxIhPEEj0tcYooBIJ5k/MYOnWvFgeo3PQwXn6u+JBAVSTgNXdwZIjeWyl4r/ef1Y+VdOQsMoViTEi0V+zKDiME0EelQQrNhUA8KC6lshHiOBsNK5FXQI9vLLq9CpVe2L6nmrVmpcZ3HkQRGcgAqwwSVogFvQBG2AwSN4Bq/gzXgyXox342PRmjOymWPwp4zPH3sulhE=</latexit>

(for �J = �Q = 0)

Horizon area:
<latexit sha1_base64="ctsTJbt4StDfv01aWlclDp0b9og=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglCSUtSLUPXisYL9gDaGzXbbLt1swu5GqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtizpR2nG8rt7K6tr6R3yxsbe/sFu29/aaKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHN1G89UqlYJO71OKZeiAeC9RnB2ki+XbxCl6iKujFD0j99qPh2ySk7M6Bl4makBBnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfODp+gY6P0UD+SpoRGM/X3RIpDpcZhYDpDrIdq0ZuK/3mdRPcvvJSJONFUkPmifsKRjtA0BdRjkhLNx4ZgIpm5FZEhlphok1XBhOAuvrxMmpWye1au3lVLtessjjwcwhGcgAvnUINbqEMDCCTwDK/wZj1ZL9a79TFvzVnZzAH8gfX5A8YfkT0=</latexit>

A = 4⇡r2+

<latexit sha1_base64="IfnI2Blw24W2W/8hfBCXEIEsvoU="></latexit>

�M

�r+
=



8⇡

�A

�r+
)  =

1

2r+

Note:  definition of     is unambigous only in stationary spacetimes:<latexit sha1_base64="MvHv+wWY5lzMNaKCo7srfxV4RMY=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa2LanBZrd3XKvWbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJkajyg=</latexit>
<latexit sha1_base64="1kVIMm0HbJlvfIKErNlIenNjnYk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUol6EopceK7S10IQw2W7apZtk2d2IpfSvePGgiFf/iDf/jds2B219MPB4b4aZeaHgTGnH+bYKG5tb2zvF3dLe/sHhkX1c7qo0k4R2SMpT2QtBUc4S2tFMc9oTkkIccvoQju/m/sMjlYqlSVtPBPVjGCYsYgS0kQK77I1BCMA3uIY9wXA7aAZ2xak6C+B14uakgnK0AvvLG6Qki2miCQel+q4jtD8FqRnhdFbyMkUFkDEMad/QBGKq/Oni9hk+N8oAR6k0lWi8UH9PTCFWahKHpjMGPVKr3lz8z+tnOrr2pywRmaYJWS6KMo51iudB4AGTlGg+MQSIZOZWTEYggWgTV8mE4K6+vE66tap7Wa3f1yuN2zyOIjpFZ+gCuegKNVATtVAHEfSEntErerNm1ov1bn0sWwtWPnOC/sD6/AGz3pLw</latexit>

 = 2⇡TH

https://doi.org/10.1007/BF01645742
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<latexit sha1_base64="P7XjyApdDd1Q6RC/A367s0EJ8ko=">AAACD3icbVA9SwNBEN2LXzF+nVraLAbFKtxJ0DRC1MZGiGA+IBfC3GYvWbJ3t+zuCeHIP7Dxr9hYKGJra+e/cZNcoYkPBh7vzTAzzxecKe0431ZuaXlldS2/XtjY3NresXf3GipOJKF1EvNYtnxQlLOI1jXTnLaEpBD6nDb94fXEbz5QqVgc3euRoJ0Q+hELGAFtpK597PUo14BvL7xAAkm9IQgB47SCPcHGOHMvu3bRKTlT4EXiZqSIMtS69pfXi0kS0kgTDkq1XUfoTgpSM8LpuOAligogQ+jTtqERhFR10uk/Y3xklB4OYmkq0niq/p5IIVRqFPqmMwQ9UPPeRPzPayc6qHRSFolE04jMFgUJxzrGk3Bwj0lKNB8ZAkQycysmAzC5aBNhwYTgzr+8SBqnJfesVL4rF6tXWRx5dIAO0Qly0TmqohtUQ3VE0CN6Rq/ozXqyXqx362PWmrOymX30B9bnDwT6nAU=</latexit>

�M =


8⇡
�A

First law of BH mechanics:
Bardeen, Carter, Hawking,
Commun. Math. Phys. 31, 161 (1973).

<latexit sha1_base64="EKB739wlh4CoMUBSDMaCKQ+gTNg=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKgQslSpYEFMr0YvURpXjOK1VJ45sB6mKOrDwKiwMIMTKQ7DxNjhtBmg506f/P0fnnN+NGJXKsr6N3Nr6xuZWfruws7u3f2AeHnUkjwUmbcwZFz0XScJoSNqKKkZ6kSAocBnpupOb1O8+ECEpD+/VNCJOgEYh9SlGSktDs1jxuYDlgUeYQvCunkGrbpXPhmbJqlrzgqtgZ1ACWTWH5tfA4zgOSKgwQ1L2bStSToKEopiRWWEQSxIhPEEj0tcYooBIJ5k/MYOnWvFgeo3PQwXn6u+JBAVSTgNXdwZIjeWyl4r/ef1Y+VdOQsMoViTEi0V+zKDiME0EelQQrNhUA8KC6lshHiOBsNK5FXQI9vLLq9CpVe2L6nmrVmpcZ3HkQRGcgAqwwSVogFvQBG2AwSN4Bq/gzXgyXox342PRmjOymWPwp4zPH3sulhE=</latexit>

(for �J = �Q = 0)

Horizon area:
<latexit sha1_base64="ctsTJbt4StDfv01aWlclDp0b9og=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIglCSUtSLUPXisYL9gDaGzXbbLt1swu5GqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtizpR2nG8rt7K6tr6R3yxsbe/sFu29/aaKEklog0Q8ku0AK8qZoA3NNKftWFIcBpy2gtHN1G89UqlYJO71OKZeiAeC9RnB2ki+XbxCl6iKujFD0j99qPh2ySk7M6Bl4makBBnqvv3V7UUkCanQhGOlOq4Tay/FUjPC6aTQTRSNMRnhAe0YKnBIlZfODp+gY6P0UD+SpoRGM/X3RIpDpcZhYDpDrIdq0ZuK/3mdRPcvvJSJONFUkPmifsKRjtA0BdRjkhLNx4ZgIpm5FZEhlphok1XBhOAuvrxMmpWye1au3lVLtessjjwcwhGcgAvnUINbqEMDCCTwDK/wZj1ZL9a79TFvzVnZzAH8gfX5A8YfkT0=</latexit>

A = 4⇡r2+

<latexit sha1_base64="IfnI2Blw24W2W/8hfBCXEIEsvoU="></latexit>

�M

�r+
=



8⇡

�A

�r+
)  =

1

2r+

Note:  definition of     is unambigous only in stationary spacetimes:<latexit sha1_base64="MvHv+wWY5lzMNaKCo7srfxV4RMY=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa2LanBZrd3XKvWbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJkajyg=</latexit>
<latexit sha1_base64="1kVIMm0HbJlvfIKErNlIenNjnYk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUol6EopceK7S10IQw2W7apZtk2d2IpfSvePGgiFf/iDf/jds2B219MPB4b4aZeaHgTGnH+bYKG5tb2zvF3dLe/sHhkX1c7qo0k4R2SMpT2QtBUc4S2tFMc9oTkkIccvoQju/m/sMjlYqlSVtPBPVjGCYsYgS0kQK77I1BCMA3uIY9wXA7aAZ2xak6C+B14uakgnK0AvvLG6Qki2miCQel+q4jtD8FqRnhdFbyMkUFkDEMad/QBGKq/Oni9hk+N8oAR6k0lWi8UH9PTCFWahKHpjMGPVKr3lz8z+tnOrr2pywRmaYJWS6KMo51iudB4AGTlGg+MQSIZOZWTEYggWgTV8mE4K6+vE66tap7Wa3f1yuN2zyOIjpFZ+gCuegKNVATtVAHEfSEntErerNm1ov1bn0sWwtWPnOC/sD6/AGz3pLw</latexit>

 = 2⇡TH

Dynamical generlizations: [1]  peeling surface gravity

[2]  Kodama surface gravity:

Nielsen, Yoon, CQG 25, 085010 (2008).
Cropp, Liberati, Visser, CQG 30, 125001 (2013).

Kodama, Prog. Theor. Phys. 63, 1217 (1980).
Abreu, Visser, PRD 82, 044027 (2010).
Kurpicz, Pinamonti, Verch, Lett. Math. Phys. 111, 110 (2021).

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�

ill-defined for transient object!
SM, Terno, PRD 103, 064082 (2021).
Mann, SM, Terno, PRD 105, 124032 (2022).

https://doi.org/10.1007/BF01645742
https://doi.org/10.1088/0264-9381/25/8/085010
https://doi.org/10.1088/0264-9381/30/12/125001
https://doi.org/10.1143/PTP.63.1217
https://doi.org/10.1103/PhysRevD.82.044027
https://doi.org/10.1007/s11005-021-01445-7
https://doi.org/10.1103/PhysRevD.103.064082
https://doi.org/10.1103/PhysRevD.105.124032
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Kodama surface gravity

Kodama surface gravity:

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�
<latexit sha1_base64="vhrBGNj6b1LHf51Vz8pINVGFTD8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGiroRim4ENxXsAzrjkEkzbWiSGZKMUIaCv+LGhSJu/Q53/o2ZdhbaeuBeDufcS25OmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrnO/80ikorG41+OE+BwNBI0oRtpIgX3gCRQyFHg8hbcPeb+EDgzsqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMyKTipYokCI/QgPQMFYgT5WfT8yfw2Ch9GMXSlNBwqv7eyBBXasxDM8mRHqp5Lxf/83qpji78jIok1UTg2UNRyqCOYZ4F7FNJsGZjQxCW1NwK8RBJhLVJrGJCcOe/vEjapzX3rFa/q1cbV0UcZXAIjsAJcME5aIAb0AQtgEEGnsEreLOerBfr3fqYjZasYmcf/IH1+QMoc5RR</latexit>

rµK
µ = 0

<latexit sha1_base64="kaa8Z9XjMzhmebMsjw3EpIe4JMY="></latexit>

rµJ
µ = 0 , Jµ := Gµ⌫K⌫
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Kodama surface gravity

Kodama surface gravity:

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�
<latexit sha1_base64="vhrBGNj6b1LHf51Vz8pINVGFTD8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGiroRim4ENxXsAzrjkEkzbWiSGZKMUIaCv+LGhSJu/Q53/o2ZdhbaeuBeDufcS25OmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrnO/80ikorG41+OE+BwNBI0oRtpIgX3gCRQyFHg8hbcPeb+EDgzsqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMyKTipYokCI/QgPQMFYgT5WfT8yfw2Ch9GMXSlNBwqv7eyBBXasxDM8mRHqp5Lxf/83qpji78jIok1UTg2UNRyqCOYZ4F7FNJsGZjQxCW1NwK8RBJhLVJrGJCcOe/vEjapzX3rFa/q1cbV0UcZXAIjsAJcME5aIAb0AQtgEEGnsEreLOerBfr3fqYjZasYmcf/IH1+QMoc5RR</latexit>

rµK
µ = 0

<latexit sha1_base64="kaa8Z9XjMzhmebMsjw3EpIe4JMY="></latexit>

rµJ
µ = 0 , Jµ := Gµ⌫K⌫

Recall:
<latexit sha1_base64="Lq5ePCtoV5Cy74DUbL5FK8LqSww=">AAACDnicbVDLSsNAFJ3UV1tfVZduBkuhUi1JKOpGKLpxZwX7gDYpk8mkHTqThJlJoZR+gRt/xY0LRdy6duffOH0stHrgwuGce7n3Hi9mVCrT/DJSK6tr6xvpTHZza3tnN7e335BRIjCp44hFouUhSRgNSV1RxUgrFgRxj5GmN7ie+s0hEZJG4b0axcThqBfSgGKktNTNFTK+dO3L06A4PBHH/tC1S7Y/9EVJuLbfueWkh1wbdnN5s2zOAP8Sa0HyYIFaN/fZ8SOccBIqzJCUbcuMlTNGQlHMyCTbSSSJER6gHmlrGiJOpDOevTOBBa34MIiErlDBmfpzYoy4lCPu6U6OVF8ue1PxP6+dqODCGdMwThQJ8XxRkDCoIjjNBvpUEKzYSBOEBdW3QtxHAmGlE8zqEKzll/+Shl22zsqVu0q+erWIIw0OwREoAgucgyq4ATVQBxg8gCfwAl6NR+PZeDPe560pYzFzAH7B+PgGUHaZyA==</latexit>

ds2 = �f(v, r)dv2 + 2dvdr + r2d⌦2
<latexit sha1_base64="atN4Rf/1Jyob6GWlVHipUpFheCs=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpKGVGigpSKLpxWcE+oB2GTJra0MyD5E6xDP0DN/6KGxeKuHXrzr8xbWehrYcETs65l5t7vEhwBZb1bWQWFpeWV7KrubX1jc0tc3unrsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIbXvx77jQGTiofBHQwj5vjkPuBdTgloyTUPe4XBiTwqW7h9OTnAHiAhMErfEpexdI9dM28VrQnwPLFTkkcpqq751e6ENPZZAFQQpVq2FYGTEAmcCjbKtWPFIkL75J61NA2Iz5STTPYZ4QOtdHA3lPoGgCfq746E+EoNfU9X+gR6atYbi/95rRi6F07CgygGFtDpoG4sMIR4HA7ucMkoiKEmhEqu/4ppj0hCQUeY0yHYsyvPk/pp0T4rlm5L+cpVGkcW7aF9VEA2OkcVdIOqqIYoekTP6BW9GU/Gi/FufExLM0bas4v+wPj8AcxTmV8=</latexit>

h(v, r) = 0 at r = r+
<latexit sha1_base64="zZpIsGX1TQ1+QqdI9lag+DJgtXM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcqMFHUjFN0IbirYB7RjyaSZNjTJDElGKWM/xY0LRdz6Je78GzPtLLT1XC4czrmX3Bw/YlRpx/m2ckvLK6tr+fXCxubW9o5d3G2qMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uUr/1QKSiobjT44h4HA0EDShG2kg9u3hz3+UxvIBl99hJ66hnl5yKMwVcJG5GSiBDvWd/dfshjjkRGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQwXiRHnJ9PQJPDRKHwahNC00nKq/NxLElRpz30xypIdq3kvF/7xOrINzL6EiijURePZQEDOoQ5jmAPtUEqzZ2BCEJTW3QjxEEmFt0iqYENz5Ly+S5knFPa1Ub6ul2mUWRx7sgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59zEZzVrazB/7A+vwBJ1GRWA==</latexit>

Kµ = (1, 0, 0, 0)<latexit sha1_base64="fu6i9Qzf4P0bwfC/8i3kTp9weR4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7KlXqlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3X3jLk=</latexit>,
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Kodama surface gravity

Kodama surface gravity:

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�
<latexit sha1_base64="vhrBGNj6b1LHf51Vz8pINVGFTD8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGiroRim4ENxXsAzrjkEkzbWiSGZKMUIaCv+LGhSJu/Q53/o2ZdhbaeuBeDufcS25OmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrnO/80ikorG41+OE+BwNBI0oRtpIgX3gCRQyFHg8hbcPeb+EDgzsqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMyKTipYokCI/QgPQMFYgT5WfT8yfw2Ch9GMXSlNBwqv7eyBBXasxDM8mRHqp5Lxf/83qpji78jIok1UTg2UNRyqCOYZ4F7FNJsGZjQxCW1NwK8RBJhLVJrGJCcOe/vEjapzX3rFa/q1cbV0UcZXAIjsAJcME5aIAb0AQtgEEGnsEreLOerBfr3fqYjZasYmcf/IH1+QMoc5RR</latexit>

rµK
µ = 0

<latexit sha1_base64="kaa8Z9XjMzhmebMsjw3EpIe4JMY="></latexit>

rµJ
µ = 0 , Jµ := Gµ⌫K⌫

Recall:
<latexit sha1_base64="Lq5ePCtoV5Cy74DUbL5FK8LqSww=">AAACDnicbVDLSsNAFJ3UV1tfVZduBkuhUi1JKOpGKLpxZwX7gDYpk8mkHTqThJlJoZR+gRt/xY0LRdy6duffOH0stHrgwuGce7n3Hi9mVCrT/DJSK6tr6xvpTHZza3tnN7e335BRIjCp44hFouUhSRgNSV1RxUgrFgRxj5GmN7ie+s0hEZJG4b0axcThqBfSgGKktNTNFTK+dO3L06A4PBHH/tC1S7Y/9EVJuLbfueWkh1wbdnN5s2zOAP8Sa0HyYIFaN/fZ8SOccBIqzJCUbcuMlTNGQlHMyCTbSSSJER6gHmlrGiJOpDOevTOBBa34MIiErlDBmfpzYoy4lCPu6U6OVF8ue1PxP6+dqODCGdMwThQJ8XxRkDCoIjjNBvpUEKzYSBOEBdW3QtxHAmGlE8zqEKzll/+Shl22zsqVu0q+erWIIw0OwREoAgucgyq4ATVQBxg8gCfwAl6NR+PZeDPe560pYzFzAH7B+PgGUHaZyA==</latexit>

ds2 = �f(v, r)dv2 + 2dvdr + r2d⌦2
<latexit sha1_base64="atN4Rf/1Jyob6GWlVHipUpFheCs=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpKGVGigpSKLpxWcE+oB2GTJra0MyD5E6xDP0DN/6KGxeKuHXrzr8xbWehrYcETs65l5t7vEhwBZb1bWQWFpeWV7KrubX1jc0tc3unrsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIbXvx77jQGTiofBHQwj5vjkPuBdTgloyTUPe4XBiTwqW7h9OTnAHiAhMErfEpexdI9dM28VrQnwPLFTkkcpqq751e6ENPZZAFQQpVq2FYGTEAmcCjbKtWPFIkL75J61NA2Iz5STTPYZ4QOtdHA3lPoGgCfq746E+EoNfU9X+gR6atYbi/95rRi6F07CgygGFtDpoG4sMIR4HA7ucMkoiKEmhEqu/4ppj0hCQUeY0yHYsyvPk/pp0T4rlm5L+cpVGkcW7aF9VEA2OkcVdIOqqIYoekTP6BW9GU/Gi/FufExLM0bas4v+wPj8AcxTmV8=</latexit>

h(v, r) = 0 at r = r+

Kodama surface gravity evaluated at outer horizon:

<latexit sha1_base64="zZpIsGX1TQ1+QqdI9lag+DJgtXM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcqMFHUjFN0IbirYB7RjyaSZNjTJDElGKWM/xY0LRdz6Je78GzPtLLT1XC4czrmX3Bw/YlRpx/m2ckvLK6tr+fXCxubW9o5d3G2qMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uUr/1QKSiobjT44h4HA0EDShG2kg9u3hz3+UxvIBl99hJ66hnl5yKMwVcJG5GSiBDvWd/dfshjjkRGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQwXiRHnJ9PQJPDRKHwahNC00nKq/NxLElRpz30xypIdq3kvF/7xOrINzL6EiijURePZQEDOoQ5jmAPtUEqzZ2BCEJTW3QjxEEmFt0iqYENz5Ly+S5knFPa1Ub6ul2mUWRx7sgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59zEZzVrazB/7A+vwBJ1GRWA==</latexit>

Kµ = (1, 0, 0, 0)<latexit sha1_base64="fu6i9Qzf4P0bwfC/8i3kTp9weR4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7KlXqlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3X3jLk=</latexit>,

<latexit sha1_base64="bG4gVpelFJmszBFUURp0WvO65bY=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0aMuMFHUjVN24rGAf0BlLJs20oZkHyZ1CGfo9bvwVN10oxa0fYvpY1OqByz2ccy/JPW4kuALTnBiptfWNza30dmZnd2//IHt4VFdhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jD7T9M/caAScXD4BmGEXN80g24xykBLbWzd15+cIFl4bY777ZgHuRlUbaT4ig/KNiSd3tQeCFLxvmy4bazObNkzoD/EmtBcmiBajs7tjshjX0WABVEqZZlRuAkRAKngo0ydqxYRGifdFlL04D4TDnJ7NQRPtNKB3uh1BUAnqnLGwnxlRr6rp70CfTUqjcV//NaMXg3TsKDKAYW0PlDXiwwhHiaG+5wySiIoSaESq7/immPSEJBp5vRIVirJ/8l9cuSdVUqP5VzlftFHGl0gk5RHlnoGlXQI6qiGqLoFb2jD/RpvBljY2J8zUdTxmLnGP2C8f0D19OlKw==</latexit>

f(v, r) = g(v, r) (r � r�(v))
a (r � r+(v))

b

<latexit sha1_base64="Lay++gQMfPytXQvHPgXOHP1Uvoo="></latexit>

K

��
r=r+

=
1

2
@rf(v, r)

��
r=r+

= lim
r!r+

(r � r+)�1+bbg(v, r)(r � r�)a

2
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Kodama surface gravity

Kodama surface gravity:

<latexit sha1_base64="QcGsTuHQoTYq9C+URdk/AJ4gEEA="></latexit>

KK⌫ :=
1

2
Kµ

�
rµK⌫ �r⌫Kµ

�
<latexit sha1_base64="vhrBGNj6b1LHf51Vz8pINVGFTD8=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGiroRim4ENxXsAzrjkEkzbWiSGZKMUIaCv+LGhSJu/Q53/o2ZdhbaeuBeDufcS25OmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOrnO/80ikorG41+OE+BwNBI0oRtpIgX3gCRQyFHg8hbcPeb+EDgzsqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMyKTipYokCI/QgPQMFYgT5WfT8yfw2Ch9GMXSlNBwqv7eyBBXasxDM8mRHqp5Lxf/83qpji78jIok1UTg2UNRyqCOYZ4F7FNJsGZjQxCW1NwK8RBJhLVJrGJCcOe/vEjapzX3rFa/q1cbV0UcZXAIjsAJcME5aIAb0AQtgEEGnsEreLOerBfr3fqYjZasYmcf/IH1+QMoc5RR</latexit>

rµK
µ = 0

<latexit sha1_base64="kaa8Z9XjMzhmebMsjw3EpIe4JMY="></latexit>

rµJ
µ = 0 , Jµ := Gµ⌫K⌫

Recall:
<latexit sha1_base64="Lq5ePCtoV5Cy74DUbL5FK8LqSww=">AAACDnicbVDLSsNAFJ3UV1tfVZduBkuhUi1JKOpGKLpxZwX7gDYpk8mkHTqThJlJoZR+gRt/xY0LRdy6duffOH0stHrgwuGce7n3Hi9mVCrT/DJSK6tr6xvpTHZza3tnN7e335BRIjCp44hFouUhSRgNSV1RxUgrFgRxj5GmN7ie+s0hEZJG4b0axcThqBfSgGKktNTNFTK+dO3L06A4PBHH/tC1S7Y/9EVJuLbfueWkh1wbdnN5s2zOAP8Sa0HyYIFaN/fZ8SOccBIqzJCUbcuMlTNGQlHMyCTbSSSJER6gHmlrGiJOpDOevTOBBa34MIiErlDBmfpzYoy4lCPu6U6OVF8ue1PxP6+dqODCGdMwThQJ8XxRkDCoIjjNBvpUEKzYSBOEBdW3QtxHAmGlE8zqEKzll/+Shl22zsqVu0q+erWIIw0OwREoAgucgyq4ATVQBxg8gCfwAl6NR+PZeDPe560pYzFzAH7B+PgGUHaZyA==</latexit>

ds2 = �f(v, r)dv2 + 2dvdr + r2d⌦2
<latexit sha1_base64="atN4Rf/1Jyob6GWlVHipUpFheCs=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpKGVGigpSKLpxWcE+oB2GTJra0MyD5E6xDP0DN/6KGxeKuHXrzr8xbWehrYcETs65l5t7vEhwBZb1bWQWFpeWV7KrubX1jc0tc3unrsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIbXvx77jQGTiofBHQwj5vjkPuBdTgloyTUPe4XBiTwqW7h9OTnAHiAhMErfEpexdI9dM28VrQnwPLFTkkcpqq751e6ENPZZAFQQpVq2FYGTEAmcCjbKtWPFIkL75J61NA2Iz5STTPYZ4QOtdHA3lPoGgCfq746E+EoNfU9X+gR6atYbi/95rRi6F07CgygGFtDpoG4sMIR4HA7ucMkoiKEmhEqu/4ppj0hCQUeY0yHYsyvPk/pp0T4rlm5L+cpVGkcW7aF9VEA2OkcVdIOqqIYoekTP6BW9GU/Gi/FufExLM0bas4v+wPj8AcxTmV8=</latexit>

h(v, r) = 0 at r = r+

Kodama surface gravity evaluated at outer horizon:

<latexit sha1_base64="zZpIsGX1TQ1+QqdI9lag+DJgtXM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcqMFHUjFN0IbirYB7RjyaSZNjTJDElGKWM/xY0LRdz6Je78GzPtLLT1XC4czrmX3Bw/YlRpx/m2ckvLK6tr+fXCxubW9o5d3G2qMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uUr/1QKSiobjT44h4HA0EDShG2kg9u3hz3+UxvIBl99hJ66hnl5yKMwVcJG5GSiBDvWd/dfshjjkRGjOkVMd1Iu0lSGqKGZkUurEiEcIjNCAdQwXiRHnJ9PQJPDRKHwahNC00nKq/NxLElRpz30xypIdq3kvF/7xOrINzL6EiijURePZQEDOoQ5jmAPtUEqzZ2BCEJTW3QjxEEmFt0iqYENz5Ly+S5knFPa1Ub6ul2mUWRx7sgwNQBi44AzVwDeqgATB4BM/gFbxZT9aL9W59zEZzVrazB/7A+vwBJ1GRWA==</latexit>

Kµ = (1, 0, 0, 0)<latexit sha1_base64="fu6i9Qzf4P0bwfC/8i3kTp9weR4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7KlXqlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3X3jLk=</latexit>,

<latexit sha1_base64="bG4gVpelFJmszBFUURp0WvO65bY=">AAACKnicbVDLSgMxFM3UV62vqks3wSK0aMuMFHUjVN24rGAf0BlLJs20oZkHyZ1CGfo9bvwVN10oxa0fYvpY1OqByz2ccy/JPW4kuALTnBiptfWNza30dmZnd2//IHt4VFdhLCmr0VCEsukSxQQPWA04CNaMJCO+K1jD7T9M/caAScXD4BmGEXN80g24xykBLbWzd15+cIFl4bY777ZgHuRlUbaT4ig/KNiSd3tQeCFLxvmy4bazObNkzoD/EmtBcmiBajs7tjshjX0WABVEqZZlRuAkRAKngo0ydqxYRGifdFlL04D4TDnJ7NQRPtNKB3uh1BUAnqnLGwnxlRr6rp70CfTUqjcV//NaMXg3TsKDKAYW0PlDXiwwhHiaG+5wySiIoSaESq7/immPSEJBp5vRIVirJ/8l9cuSdVUqP5VzlftFHGl0gk5RHlnoGlXQI6qiGqLoFb2jD/RpvBljY2J8zUdTxmLnGP2C8f0D19OlKw==</latexit>

f(v, r) = g(v, r) (r � r�(v))
a (r � r+(v))

b

<latexit sha1_base64="Lay++gQMfPytXQvHPgXOHP1Uvoo="></latexit>

K

��
r=r+

=
1

2
@rf(v, r)

��
r=r+

= lim
r!r+

(r � r+)�1+bbg(v, r)(r � r�)a

2
Nonzero Kodama surface gravity requires 
that outer horizon is nondegenerate, i.e.           .

Note:
<latexit sha1_base64="8iav14FrDh+dRlHfpA3SvUHulQw=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJSal0IRTcuK9oHtEPJpJk2NJMZkoxQhn6CGxeKuPWL3Pk3ZtoRVPTAhcM593LvPX4suDYIfTiFldW19Y3iZmlre2d3r7x/0NFRoihr00hEqucTzQSXrG24EawXK0ZCX7CuP73K/O49U5pH8s7MYuaFZCx5wCkxVrr1L/CwXEFu/Rw1cBUiFy2QEVyrIgxxrlRAjtaw/D4YRTQJmTRUEK37GMXGS4kynAo2Lw0SzWJCp2TM+pZKEjLtpYtT5/DEKiMYRMqWNHChfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoOGlXMaJYZIuFwWJgCaC2d9wxBWjRswsIVRxeyukE6IINTadkg3h61P4P+lUXVx3aze1SvMyj6MIjsAxOAUYnIEmuAYt0AYUjMEDeALPjnAenRfnddlacPKZQ/ADztsn60qNkw==</latexit>

b = 1
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

) �M
��
r=r+

=
1� w1

16⇡r+
�A
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+

MS mass:
<latexit sha1_base64="uYpFjwhLd8tU4b7+zYgw7Kmtlbs="></latexit>

�M
��
r=r+

=
�C

2

����
r=r+

=
1

2
(1� w1) �r+

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

) �M
��
r=r+

=
1� w1

16⇡r+
�A
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+

MS mass:
<latexit sha1_base64="uYpFjwhLd8tU4b7+zYgw7Kmtlbs="></latexit>

�M
��
r=r+

=
�C

2

����
r=r+

=
1

2
(1� w1) �r+

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

) �M
��
r=r+

=
1� w1

16⇡r+
�A

<latexit sha1_base64="2KGT/iD00PN9Rz1MemxintYRh3M="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

2
�r+
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+

MS mass:
<latexit sha1_base64="uYpFjwhLd8tU4b7+zYgw7Kmtlbs="></latexit>

�M
��
r=r+

=
�C

2

����
r=r+

=
1

2
(1� w1) �r+

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

) �M
��
r=r+

=
1� w1

16⇡r+
�A

<latexit sha1_base64="2KGT/iD00PN9Rz1MemxintYRh3M="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

2
�r+

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�V

Generalized dynamical first law:

Using
<latexit sha1_base64="UjJufICzNMyidhRCBQMFvmrFHdk=">AAACGHicbVDLSgMxFM34rPU16tJNsAiCUmfaooIUqm5cVrAP6IxDJs20oZnMkGSEMvQz3Pgrblwo4rY7/8b0IWjrIbkczj2X5B4/ZlQqy/oyFhaXlldWM2vZ9Y3NrW1zZ7cuo0RgUsMRi0TTR5IwyklNUcVIMxYEhT4jDb93M+o3HomQNOL3qh8TN0QdTgOKkdKSZ55elUtOTKHwjh8K0LmEJ6OiT73sqEAgnJYGaXHwYyl6Zs7KW2PAeWJPSQ5MUfXModOOcBISrjBDUrZsK1ZuioSimJFB1kkkiRHuoQ5pacpRSKSbjhcbwEOttGEQCX25gmP190SKQin7oa+dIVJdOdsbif/1WokKLtyU8jhRhOPJQ0HCoIrgKCXYpoJgxfqaICyo/ivEXaTjUDrLrA7Bnl15ntQLefssX7or5SrX0zgyYB8cgCNgg3NQAbegCmoAgyfwAt7Au/FsvBofxufEumBMZ/bAHxjDb1U3nOY=</latexit>

A = 4⇡r2+ , V = 4
3⇡r

3
+

<latexit sha1_base64="urOHBG+oAbIQ5gYfoVFuTHHSV/4="></latexit>⇣
) �A = 8⇡r+�r+ = 2

r+
�V

⌘
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Extended/Generalized dynamical first law

<latexit sha1_base64="yuGRTeKfywTLemL07SbS7Ksroms=">AAACI3icbVDLSgMxFM3UV62vUZdugkWooGVGikqhUOzGZQX7gE4dMmmmDc1khiRTKMP8ixt/xY0Lpbhx4b+YPgStHgice8693NzjRYxKZVkfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGtanfGhEhacjv1Tgi3QD1OfUpRkpLrln2C6MzKE7LFSdCQlHEXCeIoYDf5cOsrNjnji8QTmrz9jQRqWvmraI1A/xL7AXJgwXqrjlxeiGOA8IVZkjKjm1FqptM92BG0pwTSxIhPER90tGUo4DIbjK7MYUnWulBPxT6cQVn6s+JBAVSjgNPdwZIDeSyNxX/8zqx8q+7CeVRrAjH80V+zKAK4TQw2KOCYMXGmiAsqP4rxAOks1A61pwOwV4++S9pXhTty2LprpSv3iziyIIjcAwKwAZXoApuQR00AAaP4Bm8gjfjyXgxJsb7vDVjLGYOwS8Yn1/AGKMm</latexit>

f(v, r) := @µr@
µr = 1� C(v, r)

r
Using

<latexit sha1_base64="mTuvye7OwKXr5wYMa/IzqCYIyi0="></latexit>

C(v, r) = r+(v) +
1X

i=1

wi(v) (r � r+(v))
i

<latexit sha1_base64="Bs8sfYX4VoLQ/UdZUbAEWf4iAys="></latexit>

K

��
r=r+

=
1

2
@rf(v, r) =

1

2
[C(v, r)� r@rC(v, r)]

��
r=r+

=
1� w1

2r+

Recall:
<latexit sha1_base64="uLO2Ro6nOyhXrqP606gxEpR90sI=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kbwsXGjVLBWaEK4mU506CQZZiZCCfkrN/6GO924UMStf+C0RrDWAwOHc+7hzj2h4Expx3myJianpmdmK3PV+YXFpWV7ZfVKpZkktEVSnsrrEBTlLKEtzTSn10JSiENO22HvZOC376hULE0udV9QP4abhEWMgDZSYJ97kQSSe13KNeCz4ofJYLvAB7h0eyAEFPm+J1iBRxJHo4nArjl1Zwg8TtyS1FCJZmA/et2UZDFNNOGgVMd1hPZzkJoRTouqlykqgPTghnYMTSCmys+Hdxd40yhdHKXSvETjofo7kUOsVD8OzWQM+lb99Qbif14n09G+n7NEZJom5HtRlHGsUzwoEXeZpETzviFAJDN/xeQWTC3aVF01Jbh/Tx4nVzt1d7feuGjUDo/LOipoHW2gLeSiPXSITlETtRBB9+gZvaI368F6sd6tj+/RCavMrKERWJ9fHHisqQ==</latexit>

�M

�r+
=



8⇡

�A

�r+

MS mass:
<latexit sha1_base64="uYpFjwhLd8tU4b7+zYgw7Kmtlbs="></latexit>

�M
��
r=r+

=
�C

2

����
r=r+

=
1

2
(1� w1) �r+

<latexit sha1_base64="thg/h5Jrue6vhLQx1DLjXhCd5jc="></latexit>

) �M
��
r=r+

=
1� w1

16⇡r+
�A

<latexit sha1_base64="2KGT/iD00PN9Rz1MemxintYRh3M="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

2
�r+

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�V

Generalized dynamical first law:

Using
<latexit sha1_base64="UjJufICzNMyidhRCBQMFvmrFHdk=">AAACGHicbVDLSgMxFM34rPU16tJNsAiCUmfaooIUqm5cVrAP6IxDJs20oZnMkGSEMvQz3Pgrblwo4rY7/8b0IWjrIbkczj2X5B4/ZlQqy/oyFhaXlldWM2vZ9Y3NrW1zZ7cuo0RgUsMRi0TTR5IwyklNUcVIMxYEhT4jDb93M+o3HomQNOL3qh8TN0QdTgOKkdKSZ55elUtOTKHwjh8K0LmEJ6OiT73sqEAgnJYGaXHwYyl6Zs7KW2PAeWJPSQ5MUfXModOOcBISrjBDUrZsK1ZuioSimJFB1kkkiRHuoQ5pacpRSKSbjhcbwEOttGEQCX25gmP190SKQin7oa+dIVJdOdsbif/1WokKLtyU8jhRhOPJQ0HCoIrgKCXYpoJgxfqaICyo/ivEXaTjUDrLrA7Bnl15ntQLefssX7or5SrX0zgyYB8cgCNgg3NQAbegCmoAgyfwAt7Au/FsvBofxufEumBMZ/bAHxjDb1U3nOY=</latexit>

A = 4⇡r2+ , V = 4
3⇡r

3
+

<latexit sha1_base64="urOHBG+oAbIQ5gYfoVFuTHHSV/4="></latexit>⇣
) �A = 8⇡r+�r+ = 2

r+
�V

⌘

<latexit sha1_base64="C442rcsnMSACVA/BUPyN3hUl7eM=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4scxI1W6Eqhs3QgX7gE4pd9JMG5qZCUlGKEO/xI2/4saFIoIr/RvTdgRtPXDh5Jx7yb3HE5wpbdtfVmZhcWl5JbuaW1vf2NzKb+/UVRRLQmsk4pFseqAoZyGtaaY5bQpJIfA4bXiDq7HfuKdSsSi800NB2wH0QuYzAtpInfyJ26VcA77B59j1JZDEHYAQMErK2BVshFP/Ah9h8fOod/IFu2hPgOeJk5ICSlHt5D/cbkTigIaacFCq5dhCtxOQmhFORzk3VlQAGUCPtgwNIaCqnUzOG+EDo3SxH0lTocYT9fdEAoFSw8AznQHovpr1xuJ/XivWfrmdsFDEmoZk+pEfc6wjPM4Kd5mkRPOhIUAkM7ti0gcTkjaJ5kwIzuzJ86R+XHROi6XbUqFymcaRRXtoHx0iB52hCrpGVVRDBD2gJ/SCXq1H69l6s96nrRkrndlFf2B9fgNEkKC0</latexit>

�M =


8⇡
�A� p�V

<latexit sha1_base64="L2M5+OwaNYE63xNl6vZzTrLcvrY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgiCUpRbsRim5cVrAPaGKYTCft0EkyzEyUErJy46+4caGIW7/BnX/jtM1CqwcuHM65l3vv8TmjUlnWl1FYWFxaXimultbWNza3zO2dtowTgUkLxywWXR9JwmhEWooqRrpcEBT6jHT80eXE79wRIWkc3agxJ26IBhENKEZKS565z+E5PIFOIBBO7z07S+vQ4RQK7/i2mnlm2apYU8C/xM5JGeRoeuan049xEpJIYYak7NkWV26KhKKYkazkJJJwhEdoQHqaRigk0k2nb2TwUCt9GMRCV6TgVP05kaJQynHo684QqaGc9ybif14vUUHdTWnEE0UiPFsUJAyqGE4ygX0qCFZsrAnCgupbIR4inYjSyZV0CPb8y39Ju1qxTyu161q5cZHHUQR74AAcARucgQa4Ak3QAhg8gCfwAl6NR+PZeDPeZ60FI5/ZBb9gfHwDcLeXOA==</latexit>

p = � w1

8⇡r2+
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Consistency condition

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�VGeneralized dynamical first law:

Consistency condition:
<latexit sha1_base64="Z2fEdeDABeI5WCzRzKWZA7gZD54=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZJIq24KRTcuK9gHNCFMppN26EwSZiZKCfkHN/6KGxeKuHXjzr9x2mah1QMDh3PO5c49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDXxO3dESBqFt2ocE5ejQUgDipHSkmce3Xs2dHw6cHRKeamoC+84g85QxgiT9MSu1GqcZ7AOLc8sWxVrCviX2DkpgxxNz/x0+hFOOAkVZkjKnm3Fyk2RUBQzkpWcRBK9ZYQGpKdpiDiRbjq9KYMHWunDIBL6hQpO1Z8TKeJSjrmvkxypoZz3JuJ/Xi9RwYWb0jBOFAnxbFGQMKgiOCkI9qkgWLGxJggLqv8K8RAJhJWusaRLsOdP/kvapxX7rFK9qZYbl3kdRbAH9sEhsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Fi0Y+cwu+AXj4xtjXJyR</latexit>

w1

��
r=r+

= 0
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Consistency condition

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�VGeneralized dynamical first law:

Consistency condition:
<latexit sha1_base64="Z2fEdeDABeI5WCzRzKWZA7gZD54=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZJIq24KRTcuK9gHNCFMppN26EwSZiZKCfkHN/6KGxeKuHXjzr9x2mah1QMDh3PO5c49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDXxO3dESBqFt2ocE5ejQUgDipHSkmce3Xs2dHw6cHRKeamoC+84g85QxgiT9MSu1GqcZ7AOLc8sWxVrCviX2DkpgxxNz/x0+hFOOAkVZkjKnm3Fyk2RUBQzkpWcRBK9ZYQGpKdpiDiRbjq9KYMHWunDIBL6hQpO1Z8TKeJSjrmvkxypoZz3JuJ/Xi9RwYWb0jBOFAnxbFGQMKgiOCkI9qkgWLGxJggLqv8K8RAJhJWusaRLsOdP/kvapxX7rFK9qZYbl3kdRbAH9sEhsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Fi0Y+cwu+AXj4xtjXJyR</latexit>

w1

��
r=r+

= 0
Note:
Applies generically to dynamical black holes!
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Consistency condition

<latexit sha1_base64="rltC4ryEhk1PvUJ0K7GpU7havGs="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�VGeneralized dynamical first law:

Consistency condition:
<latexit sha1_base64="Z2fEdeDABeI5WCzRzKWZA7gZD54=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZJIq24KRTcuK9gHNCFMppN26EwSZiZKCfkHN/6KGxeKuHXjzr9x2mah1QMDh3PO5c49fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMBqSlqKKkW4sCOI+Ix1/dDXxO3dESBqFt2ocE5ejQUgDipHSkmce3Xs2dHw6cHRKeamoC+84g85QxgiT9MSu1GqcZ7AOLc8sWxVrCviX2DkpgxxNz/x0+hFOOAkVZkjKnm3Fyk2RUBQzkpWcRBK9ZYQGpKdpiDiRbjq9KYMHWunDIBL6hQpO1Z8TKeJSjrmvkxypoZz3JuJ/Xi9RwYWb0jBOFAnxbFGQMKgiOCkI9qkgWLGxJggLqv8K8RAJhJWusaRLsOdP/kvapxX7rFK9qZYbl3kdRbAH9sEhsME5aIBr0AQtgMEDeAIv4NV4NJ6NN+N9Fi0Y+cwu+AXj4xtjXJyR</latexit>

w1

��
r=r+

= 0
Note:
Applies generically to dynamical black holes!

Now: Focus on dynamical RBH models                                                                             with              .

<latexit sha1_base64="287IBcItmci8/FzxTq3z53mxZUA="></latexit>

w1

��
r=r+

= 1� g(v, r+)r+(r+ � r�)
a

<latexit sha1_base64="2/ULM0gidRyFPhqZNQwP/1YA9oE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBce71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AuWGNcQ==</latexit>

b = 1

<latexit sha1_base64="ghtDWo7NDTHlTOIcTUuPrULNu+A="></latexit>

, g(v, r+)r+ (r+ � r�)
a = 1

<latexit sha1_base64="XgwZ+COqTqB7qft1a0vmAFStsII=">AAACJHicbVDLSgMxFM3UV62vUZdugkWYoi0zUlQQoejGZQX7gHYsmTTThmYeJJlCGfoxbvwVNy584MKN32I6Hai2Hgg5Oedebu5xQkaFNM0vLbO0vLK6ll3PbWxube/ou3t1EUQckxoOWMCbDhKEUZ/UJJWMNENOkOcw0nAGNxO/MSRc0MC/l6OQ2B7q+dSlGEkldfRL1xieQF646k3vtkN7Bi/yTlwcG8PkWXhAM/V4pjodPW+WzARwkVgpyYMU1Y7+3u4GOPKILzFDQrQsM5R2jLikmJFxrh0JEiI8QD3SUtRHHhF2nCw5hkdK6UI34Or4Eibq744YeUKMPEdVekj2xbw3Ef/zWpF0L+yY+mEkiY+ng9yIQRnASWKwSznBko0UQZhT9VeI+4gjLFWuORWCNb/yIqmflqyzUvmunK9cp3FkwQE4BAawwDmogFtQBTWAwSN4Bq/gTXvSXrQP7XNamtHSnn3wB9r3DzMJoiU=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

�b
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Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f(v, r) = 1� rg(v)r2

r3 + rg(v)l(v)2

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f(v, r) = 1� rg(v)r2

r3 + rg(v)l(v)2

<latexit sha1_base64="hxqtO1goKZYAWt4MIfr0GfXxxZA="></latexit>

f(v, r) =
r � r0

r3 + rgl2
(r � r�)(r � r+)

Using the roots of            :
<latexit sha1_base64="1/jaEk0HwuCBM49MYcfniIaPKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AvfWNdA==</latexit>

f = 0

<latexit sha1_base64="c2rASR2L5ei+5A87uwbZ5AmrS1o="></latexit>

r0 = �l +
l2

2rg
+O

�
l3
�
< 0 , r� = l +

l2

2rg
+O

�
l3
�
, r+ = rg �

l2

rg
+O

�
l4
�

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f(v, r) = 1� rg(v)r2

r3 + rg(v)l(v)2

Comparison with

<latexit sha1_base64="hxqtO1goKZYAWt4MIfr0GfXxxZA="></latexit>

f(v, r) =
r � r0

r3 + rgl2
(r � r�)(r � r+)

Using the roots of            :
<latexit sha1_base64="1/jaEk0HwuCBM49MYcfniIaPKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AvfWNdA==</latexit>

f = 0

<latexit sha1_base64="YNIREY+JgYsMNAgXv59OAeJxTus="></latexit>

g(v, r) =
r � r0

r3 + rgl2
> 0

<latexit sha1_base64="c2rASR2L5ei+5A87uwbZ5AmrS1o="></latexit>

r0 = �l +
l2

2rg
+O

�
l3
�
< 0 , r� = l +

l2

2rg
+O

�
l3
�
, r+ = rg �

l2

rg
+O

�
l4
�

<latexit sha1_base64="iRYOT/AVYL3baoko0ZUzn3i4o0A=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARRrRlRoqXhVB047KCvUA7DJk0Mw3NXEgyhVL6LG58FTcuFHUl+DCmnUFq6w+BL/85h+T8bsyokKb5peWWlldW1/LrhY3Nre0dfXevIaKEY1LHEYt4y0WCMBqSuqSSkVbMCQpcRppu/3ZSbw4IFzQKH+QwJnaA/JB6FCOpLEe/8ozBKT+G19BPoeNS34C8xJ2SMUivs+bJr+noRbNsTgUXwcqgCDLVHP2j041wEpBQYoaEaFtmLO0R4pJiRsaFTiJIjHAf+aStMEQBEfZouuIYHimnC72IqxNKOHVnJ0YoEGIYuKozQLIn5msT879aO5HepT2iYZxIEuL0IS9hUEZwkhfsUk6wZEMFCHOq/gpxD3GEpUq1oEKw5ldehMZZ2TovV+4rxepNFkceHIBDYAALXIAquAM1UAcYPIJn8AretCftR XvXPtPWnJbN7IM/0r5/AIWXn2I=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

��
r � r+(v)

�

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f(v, r) = 1� rg(v)r2

r3 + rg(v)l(v)2

Comparison with

<latexit sha1_base64="hxqtO1goKZYAWt4MIfr0GfXxxZA="></latexit>

f(v, r) =
r � r0

r3 + rgl2
(r � r�)(r � r+)

Using the roots of            :
<latexit sha1_base64="1/jaEk0HwuCBM49MYcfniIaPKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AvfWNdA==</latexit>

f = 0

<latexit sha1_base64="YNIREY+JgYsMNAgXv59OAeJxTus="></latexit>

g(v, r) =
r � r0

r3 + rgl2
> 0

<latexit sha1_base64="c2rASR2L5ei+5A87uwbZ5AmrS1o="></latexit>

r0 = �l +
l2

2rg
+O

�
l3
�
< 0 , r� = l +

l2

2rg
+O

�
l3
�
, r+ = rg �

l2

rg
+O

�
l4
�

Expansion of MS mass about the outher horizon              :<latexit sha1_base64="mpnbkJcOk3OrkmMWvMIYlmHbej4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/loxkn6Ed0IHnIGTVWaqkb1cvOJ71S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslJ9qJZrt3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHF/ePbA==</latexit>r = r+

<latexit sha1_base64="0cUCy0lLLYz+hgayfIIp4eWPJH8="></latexit>

w1

��
r=r+

=
3l2

r2g
+O

�
l4
�
> 0

<latexit sha1_base64="iRYOT/AVYL3baoko0ZUzn3i4o0A=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARRrRlRoqXhVB047KCvUA7DJk0Mw3NXEgyhVL6LG58FTcuFHUl+DCmnUFq6w+BL/85h+T8bsyokKb5peWWlldW1/LrhY3Nre0dfXevIaKEY1LHEYt4y0WCMBqSuqSSkVbMCQpcRppu/3ZSbw4IFzQKH+QwJnaA/JB6FCOpLEe/8ozBKT+G19BPoeNS34C8xJ2SMUivs+bJr+noRbNsTgUXwcqgCDLVHP2j041wEpBQYoaEaFtmLO0R4pJiRsaFTiJIjHAf+aStMEQBEfZouuIYHimnC72IqxNKOHVnJ0YoEGIYuKozQLIn5msT879aO5HepT2iYZxIEuL0IS9hUEZwkhfsUk6wZEMFCHOq/gpxD3GEpUq1oEKw5ldehMZZ2TovV+4rxepNFkceHIBDYAALXIAquAM1UAcYPIJn8AretCftR XvXPtPWnJbN7IM/0r5/AIWXn2I=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

��
r � r+(v)

�

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Popular examples:    Bardeen, Dymnikova, Hayward.
Bardeen in Proceedings of the International 
Conference GR5 (Tbilisi University Press, Tbilisi, 1968).

Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
Hayward, PRL 96, 031103 (2006).

Dynamical Hayward RBH:
<latexit sha1_base64="T8YXl2pTtohTQU2wfaR8O0fxeyU="></latexit>

f(v, r) = 1� rg(v)r2

r3 + rg(v)l(v)2

Comparison with

<latexit sha1_base64="hxqtO1goKZYAWt4MIfr0GfXxxZA="></latexit>

f(v, r) =
r � r0

r3 + rgl2
(r � r�)(r � r+)

Using the roots of            :
<latexit sha1_base64="1/jaEk0HwuCBM49MYcfniIaPKXw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9BBeu71yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AvfWNdA==</latexit>

f = 0

<latexit sha1_base64="YNIREY+JgYsMNAgXv59OAeJxTus="></latexit>

g(v, r) =
r � r0

r3 + rgl2
> 0

<latexit sha1_base64="c2rASR2L5ei+5A87uwbZ5AmrS1o="></latexit>

r0 = �l +
l2

2rg
+O

�
l3
�
< 0 , r� = l +

l2

2rg
+O

�
l3
�
, r+ = rg �

l2

rg
+O

�
l4
�

Expansion of MS mass about the outher horizon              :<latexit sha1_base64="mpnbkJcOk3OrkmMWvMIYlmHbej4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDf1W0+oNI/loxkn6Ed0IHnIGTVWaqkb1cvOJ71S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZuRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjtZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUNGG4C2+vEyaFxXvslJ9qJZrt3kcBTiGEzgDD66gBvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHF/ePbA==</latexit>r = r+

<latexit sha1_base64="0cUCy0lLLYz+hgayfIIp4eWPJH8="></latexit>

w1

��
r=r+

=
3l2

r2g
+O

�
l4
�
> 0

Analogous expressions are obtained for other nondegenerate models following the same procedure.

<latexit sha1_base64="iRYOT/AVYL3baoko0ZUzn3i4o0A=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARRrRlRoqXhVB047KCvUA7DJk0Mw3NXEgyhVL6LG58FTcuFHUl+DCmnUFq6w+BL/85h+T8bsyokKb5peWWlldW1/LrhY3Nre0dfXevIaKEY1LHEYt4y0WCMBqSuqSSkVbMCQpcRppu/3ZSbw4IFzQKH+QwJnaA/JB6FCOpLEe/8ozBKT+G19BPoeNS34C8xJ2SMUivs+bJr+noRbNsTgUXwcqgCDLVHP2j041wEpBQYoaEaFtmLO0R4pJiRsaFTiJIjHAf+aStMEQBEfZouuIYHimnC72IqxNKOHVnJ0YoEGIYuKozQLIn5msT879aO5HepT2iYZxIEuL0IS9hUEZwkhfsUk6wZEMFCHOq/gpxD3GEpUq1oEKw5ldehMZZ2TovV+4rxepNFkceHIBDYAALXIAquAM1UAcYPIJn8AretCftR XvXPtPWnJbN7IM/0r5/AIWXn2I=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

��
r � r+(v)

�

Nondegenerate dynamical RBH models
<latexit sha1_base64="JIp/45YzQxvf7fX9fv9TgwntbkI=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOYQCHrxGMEskgyhp9OTNOnpGbp7hDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVz485U9px3q2FxaXlldXMWnZ9Y3NrO7ez21BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7yc+M07KhWLxI0exdQLcV+wgBGsjXRbwBX32K+4R91c3rHL5VOnWEK/iWs7U+Rhjlo399bpRSQJqdCEY6XarhNrL8VSM8LpONtJFI0xGeI+bRsqcEiVl04PHqNDo/RQEElTQqOp+nUixaFSo9A3nSHWA/XTm4h/ee1EB+deykScaCrIbFGQcKQjNPke9ZikRPORIZhIZm5FZIAlJtpklDUhfH6K/ieNE9s9s4vXxXz1Yh5HBvbhAArgQgmqcAU1qAOBEO7hEZ4saT1Yz9bLrHXBms/swTdYrx8p8Y9f</latexit>

(a = 1, b = 1)

https://doi.org/10.1007/BF00760226
https://doi.org/10.1103/PhysRevLett.96.031103
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Degenerate dynamical RBH models
<latexit sha1_base64="tEv+LKaN8/Zm8/edYXRLjdJngGY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOagBL14jGAWSYbQ0+lJmnTPDN09QhjyFV48KOLVz/Hm39hZBNcHBY/3qqiq58ecKe0479bc/MLi0nJmJbu6tr6xmdvarqsokYTWSMQj2fSxopyFtKaZ5rQZS4qFz2nDH1yO/cYdlYpF4Y0extQTuBeygBGsjXRbwOfuoX/mHnRyeccul4+dYgn9Jq7tTJCHGaqd3Fu7G5FE0FATjpVquU6svRRLzQino2w7UTTGZIB7tGVoiAVVXjo5eIT2jdJFQSRNhRpN1K8TKRZKDYVvOgXWffXTG4t/ea1EB6deysI40TQk00VBwpGO0Ph71GWSEs2HhmAimbkVkT6WmGiTUdaE8Pkp+p/Uj2z3xC5eF/OVi1kcGdiFPSiACyWowBVUoQYEBNzDIzxZ0nqwnq2XaeucNZvZgW+wXj8AK3uPYA==</latexit>

(a > 1, b = 1)

<latexit sha1_base64="jpxg5rVYhucgX0Mn8uIVZKKIxjI=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoVMpMKepGKLpxWcE+oDMOmUymDc08SDKFMsx/uPFX3LhQxJXgwr8xnXahrQdCTs65l5t73JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0c3U744JFzQK7+UkJnaABiH1KUZSSY5eH1TGZ5CfXlk+Rzg1sxQ7RhU7JuRVC3uRFOqRoqqZQf6Q35mjl42akQMuE3NOymCOlqN/Wl6Ek4CEEjMkRN80YmmniEuKGclKViJIjPAIDUhf0RAFRNhpvlsGT5TiQT/i6oQS5urvjhQFQkwCV1UGSA7FojcV//P6ifQv7ZSGcSJJiGeD/IRBGcFpUNCjnGDJJoogzKn6K8RDpEKSKs6SCsFcXHmZdOo187zWuGuUm9fzOIrgCByDCjDBBWiCW9ACbYDBI3gGr+BNe9JetHftY1Za0OY9h+APtK8f1d6fdw==</latexit>

g(v, r) =
1

c0 + c1r + · · ·+ ca+1ra+1

<latexit sha1_base64="6S80BkJK56r4p/XTckmY6BU3SUk=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VpQUoiRQURim5cVrAPaEKZTCft0MkkzEwKJfRj3Pgrblz4wIUbv8VJm0VtPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3qV+a0SEpCF/VOOIuAHqc+pTjJSWuua1XxqdiTI8vYGOLxBOnACpAUYsqU+6vCTKk8RRlPXIvJE5XbNoVawp4DKxM1IEGepd88PphTgOCFeYISk7thUpN0FCUczIpODEkkQID1GfdDTlKCDSTaZPTuCJVnrQD4UuruBUnZ9IUCDlOPB0Z3qpXPRS8T+vEyv/yk0oj2JFOJ4t8mMGVQjTxGCPCoIVG2uCsKD6VogHSGeldK4FHYK9+PIyaZ5X7ItK9aFarN1mceTBETgGJWCDS1AD96AOGgCDJ/AC3sC78Wy8Gp/G16w1Z2Qzh+APjJ9fkJek2g==</latexit>

f(v, r) =
Pn(r)

P̃n(r)

<latexit sha1_base64="eA7fmU1HEha0lE7o8FNxSIdafIY=">AAACInicbVDLSgMxFM3UV62vUZdugkVo0ZYZKT4WQtGNywr2AW0tmTTThmYyQ5IplKHf4sZfceNCUVeCH2M6HXy0Hgg5Oedebu5xAkalsqwPI7WwuLS8kl7NrK1vbG6Z2zs16YcCkyr2mS8aDpKEUU6qiipGGoEgyHMYqTuDq4lfHxIhqc9v1SggbQ/1OHUpRkpLHfPczQ2PoMhf9KZ3y6G9nCiITlQY54bxM3+HftTDb7VjZq2iFQPOEzshWZCg0jHfWl0fhx7hCjMkZdO2AtWOkFAUMzLOtEJJAoQHqEeamnLkEdmO4hXH8EArXej6Qh+uYKz+7oiQJ+XIc3Slh1RfznoT8T+vGSr3rB1RHoSKcDwd5IYMKh9O8oJdKghWbKQJwoLqv0LcRwJhpVPN6BDs2ZXnSe24aJ8USzelbPkyiSMN9sA+yAEbnIIyuAYVUAUY3INH8AxejAfjyXg13qelKSPp2QV/YHx+AZ/foVE=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

� Assume:

Carballo-Rubio, Di Filippo, Liberati, 
Pacilio, Visser, JHEP 118 (2022).Frolov, PRD 94, 104056 (2016).

https://doi.org/10.1007/JHEP09(2022)118
https://doi.org/10.1103/PhysRevD.94.104056
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<latexit sha1_base64="0/Lp0uQ7Vu8Bet9uhN9Bd5ThAM8="></latexit>

g (v, r+) r+ (r+ � r�)
a = 1 , (r+ � r�)

a r+ =
1

g (v, r+)
=

a+1X

i=0

ci (r�, r+) r
i
+

<latexit sha1_base64="jpxg5rVYhucgX0Mn8uIVZKKIxjI=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoVMpMKepGKLpxWcE+oDMOmUymDc08SDKFMsx/uPFX3LhQxJXgwr8xnXahrQdCTs65l5t73JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0c3U744JFzQK7+UkJnaABiH1KUZSSY5eH1TGZ5CfXlk+Rzg1sxQ7RhU7JuRVC3uRFOqRoqqZQf6Q35mjl42akQMuE3NOymCOlqN/Wl6Ek4CEEjMkRN80YmmniEuKGclKViJIjPAIDUhf0RAFRNhpvlsGT5TiQT/i6oQS5urvjhQFQkwCV1UGSA7FojcV//P6ifQv7ZSGcSJJiGeD/IRBGcFpUNCjnGDJJoogzKn6K8RDpEKSKs6SCsFcXHmZdOo187zWuGuUm9fzOIrgCByDCjDBBWiCW9ACbYDBI3gGr+BNe9JetHftY1Za0OY9h+APtK8f1d6fdw==</latexit>

g(v, r) =
1

c0 + c1r + · · ·+ ca+1ra+1

<latexit sha1_base64="6S80BkJK56r4p/XTckmY6BU3SUk=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VpQUoiRQURim5cVrAPaEKZTCft0MkkzEwKJfRj3Pgrblz4wIUbv8VJm0VtPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3qV+a0SEpCF/VOOIuAHqc+pTjJSWuua1XxqdiTI8vYGOLxBOnACpAUYsqU+6vCTKk8RRlPXIvJE5XbNoVawp4DKxM1IEGepd88PphTgOCFeYISk7thUpN0FCUczIpODEkkQID1GfdDTlKCDSTaZPTuCJVnrQD4UuruBUnZ9IUCDlOPB0Z3qpXPRS8T+vEyv/yk0oj2JFOJ4t8mMGVQjTxGCPCoIVG2uCsKD6VogHSGeldK4FHYK9+PIyaZ5X7ItK9aFarN1mceTBETgGJWCDS1AD96AOGgCDJ/AC3sC78Wy8Gp/G16w1Z2Qzh+APjJ9fkJek2g==</latexit>

f(v, r) =
Pn(r)

P̃n(r)

<latexit sha1_base64="eA7fmU1HEha0lE7o8FNxSIdafIY=">AAACInicbVDLSgMxFM3UV62vUZdugkVo0ZYZKT4WQtGNywr2AW0tmTTThmYyQ5IplKHf4sZfceNCUVeCH2M6HXy0Hgg5Oedebu5xAkalsqwPI7WwuLS8kl7NrK1vbG6Z2zs16YcCkyr2mS8aDpKEUU6qiipGGoEgyHMYqTuDq4lfHxIhqc9v1SggbQ/1OHUpRkpLHfPczQ2PoMhf9KZ3y6G9nCiITlQY54bxM3+HftTDb7VjZq2iFQPOEzshWZCg0jHfWl0fhx7hCjMkZdO2AtWOkFAUMzLOtEJJAoQHqEeamnLkEdmO4hXH8EArXej6Qh+uYKz+7oiQJ+XIc3Slh1RfznoT8T+vGSr3rB1RHoSKcDwd5IYMKh9O8oJdKghWbKQJwoLqv0LcRwJhpVPN6BDs2ZXnSe24aJ8USzelbPkyiSMN9sA+yAEbnIIyuAYVUAUY3INH8AxejAfjyXg13qelKSPp2QV/YHx+AZ/foVE=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

� Assume:

Consistency condition:

Carballo-Rubio, Di Filippo, Liberati, 
Pacilio, Visser, JHEP 118 (2022).Frolov, PRD 94, 104056 (2016).

Degenerate dynamical RBH models
<latexit sha1_base64="tEv+LKaN8/Zm8/edYXRLjdJngGY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOagBL14jGAWSYbQ0+lJmnTPDN09QhjyFV48KOLVz/Hm39hZBNcHBY/3qqiq58ecKe0479bc/MLi0nJmJbu6tr6xmdvarqsokYTWSMQj2fSxopyFtKaZ5rQZS4qFz2nDH1yO/cYdlYpF4Y0extQTuBeygBGsjXRbwOfuoX/mHnRyeccul4+dYgn9Jq7tTJCHGaqd3Fu7G5FE0FATjpVquU6svRRLzQino2w7UTTGZIB7tGVoiAVVXjo5eIT2jdJFQSRNhRpN1K8TKRZKDYVvOgXWffXTG4t/ea1EB6deysI40TQk00VBwpGO0Ph71GWSEs2HhmAimbkVkT6WmGiTUdaE8Pkp+p/Uj2z3xC5eF/OVi1kcGdiFPSiACyWowBVUoQYEBNzDIzxZ0nqwnq2XaeucNZvZgW+wXj8AK3uPYA==</latexit>

(a > 1, b = 1)

https://doi.org/10.1007/JHEP09(2022)118
https://doi.org/10.1103/PhysRevD.94.104056
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<latexit sha1_base64="0/Lp0uQ7Vu8Bet9uhN9Bd5ThAM8="></latexit>

g (v, r+) r+ (r+ � r�)
a = 1 , (r+ � r�)

a r+ =
1

g (v, r+)
=

a+1X

i=0

ci (r�, r+) r
i
+

<latexit sha1_base64="jpxg5rVYhucgX0Mn8uIVZKKIxjI=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoVMpMKepGKLpxWcE+oDMOmUymDc08SDKFMsx/uPFX3LhQxJXgwr8xnXahrQdCTs65l5t73JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0c3U744JFzQK7+UkJnaABiH1KUZSSY5eH1TGZ5CfXlk+Rzg1sxQ7RhU7JuRVC3uRFOqRoqqZQf6Q35mjl42akQMuE3NOymCOlqN/Wl6Ek4CEEjMkRN80YmmniEuKGclKViJIjPAIDUhf0RAFRNhpvlsGT5TiQT/i6oQS5urvjhQFQkwCV1UGSA7FojcV//P6ifQv7ZSGcSJJiGeD/IRBGcFpUNCjnGDJJoogzKn6K8RDpEKSKs6SCsFcXHmZdOo187zWuGuUm9fzOIrgCByDCjDBBWiCW9ACbYDBI3gGr+BNe9JetHftY1Za0OY9h+APtK8f1d6fdw==</latexit>

g(v, r) =
1

c0 + c1r + · · ·+ ca+1ra+1

<latexit sha1_base64="6S80BkJK56r4p/XTckmY6BU3SUk=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VpQUoiRQURim5cVrAPaEKZTCft0MkkzEwKJfRj3Pgrblz4wIUbv8VJm0VtPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3qV+a0SEpCF/VOOIuAHqc+pTjJSWuua1XxqdiTI8vYGOLxBOnACpAUYsqU+6vCTKk8RRlPXIvJE5XbNoVawp4DKxM1IEGepd88PphTgOCFeYISk7thUpN0FCUczIpODEkkQID1GfdDTlKCDSTaZPTuCJVnrQD4UuruBUnZ9IUCDlOPB0Z3qpXPRS8T+vEyv/yk0oj2JFOJ4t8mMGVQjTxGCPCoIVG2uCsKD6VogHSGeldK4FHYK9+PIyaZ5X7ItK9aFarN1mceTBETgGJWCDS1AD96AOGgCDJ/AC3sC78Wy8Gp/G16w1Z2Qzh+APjJ9fkJek2g==</latexit>

f(v, r) =
Pn(r)

P̃n(r)

<latexit sha1_base64="eA7fmU1HEha0lE7o8FNxSIdafIY=">AAACInicbVDLSgMxFM3UV62vUZdugkVo0ZYZKT4WQtGNywr2AW0tmTTThmYyQ5IplKHf4sZfceNCUVeCH2M6HXy0Hgg5Oedebu5xAkalsqwPI7WwuLS8kl7NrK1vbG6Z2zs16YcCkyr2mS8aDpKEUU6qiipGGoEgyHMYqTuDq4lfHxIhqc9v1SggbQ/1OHUpRkpLHfPczQ2PoMhf9KZ3y6G9nCiITlQY54bxM3+HftTDb7VjZq2iFQPOEzshWZCg0jHfWl0fhx7hCjMkZdO2AtWOkFAUMzLOtEJJAoQHqEeamnLkEdmO4hXH8EArXej6Qh+uYKz+7oiQJ+XIc3Slh1RfznoT8T+vGSr3rB1RHoSKcDwd5IYMKh9O8oJdKghWbKQJwoLqv0LcRwJhpVPN6BDs2ZXnSe24aJ8USzelbPkyiSMN9sA+yAEbnIIyuAYVUAUY3INH8AxejAfjyXg13qelKSPp2QV/YHx+AZ/foVE=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

� Assume:

Consistency condition:

Carballo-Rubio, Di Filippo, Liberati, 
Pacilio, Visser, JHEP 118 (2022).Frolov, PRD 94, 104056 (2016).

<latexit sha1_base64="Wge2WGEBJ4WWPDffAa7vUzNU9UA="></latexit>

ci (r�, r+) =
1X

j=1

dijr
j
�r

�j�i+(a+1)
+ 8 i 6= a+ 1

Degenerate dynamical RBH models
<latexit sha1_base64="tEv+LKaN8/Zm8/edYXRLjdJngGY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOagBL14jGAWSYbQ0+lJmnTPDN09QhjyFV48KOLVz/Hm39hZBNcHBY/3qqiq58ecKe0479bc/MLi0nJmJbu6tr6xmdvarqsokYTWSMQj2fSxopyFtKaZ5rQZS4qFz2nDH1yO/cYdlYpF4Y0extQTuBeygBGsjXRbwOfuoX/mHnRyeccul4+dYgn9Jq7tTJCHGaqd3Fu7G5FE0FATjpVquU6svRRLzQino2w7UTTGZIB7tGVoiAVVXjo5eIT2jdJFQSRNhRpN1K8TKRZKDYVvOgXWffXTG4t/ea1EB6deysI40TQk00VBwpGO0Ph71GWSEs2HhmAimbkVkT6WmGiTUdaE8Pkp+p/Uj2z3xC5eF/OVi1kcGdiFPSiACyWowBVUoQYEBNzDIzxZ0nqwnq2XaeucNZvZgW+wXj8AK3uPYA==</latexit>

(a > 1, b = 1)

https://doi.org/10.1007/JHEP09(2022)118
https://doi.org/10.1103/PhysRevD.94.104056
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<latexit sha1_base64="0/Lp0uQ7Vu8Bet9uhN9Bd5ThAM8="></latexit>

g (v, r+) r+ (r+ � r�)
a = 1 , (r+ � r�)

a r+ =
1

g (v, r+)
=

a+1X

i=0

ci (r�, r+) r
i
+

<latexit sha1_base64="jpxg5rVYhucgX0Mn8uIVZKKIxjI=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoVMpMKepGKLpxWcE+oDMOmUymDc08SDKFMsx/uPFX3LhQxJXgwr8xnXahrQdCTs65l5t73JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0c3U744JFzQK7+UkJnaABiH1KUZSSY5eH1TGZ5CfXlk+Rzg1sxQ7RhU7JuRVC3uRFOqRoqqZQf6Q35mjl42akQMuE3NOymCOlqN/Wl6Ek4CEEjMkRN80YmmniEuKGclKViJIjPAIDUhf0RAFRNhpvlsGT5TiQT/i6oQS5urvjhQFQkwCV1UGSA7FojcV//P6ifQv7ZSGcSJJiGeD/IRBGcFpUNCjnGDJJoogzKn6K8RDpEKSKs6SCsFcXHmZdOo187zWuGuUm9fzOIrgCByDCjDBBWiCW9ACbYDBI3gGr+BNe9JetHftY1Za0OY9h+APtK8f1d6fdw==</latexit>

g(v, r) =
1

c0 + c1r + · · ·+ ca+1ra+1

<latexit sha1_base64="6S80BkJK56r4p/XTckmY6BU3SUk=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VpQUoiRQURim5cVrAPaEKZTCft0MkkzEwKJfRj3Pgrblz4wIUbv8VJm0VtPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3qV+a0SEpCF/VOOIuAHqc+pTjJSWuua1XxqdiTI8vYGOLxBOnACpAUYsqU+6vCTKk8RRlPXIvJE5XbNoVawp4DKxM1IEGepd88PphTgOCFeYISk7thUpN0FCUczIpODEkkQID1GfdDTlKCDSTaZPTuCJVnrQD4UuruBUnZ9IUCDlOPB0Z3qpXPRS8T+vEyv/yk0oj2JFOJ4t8mMGVQjTxGCPCoIVG2uCsKD6VogHSGeldK4FHYK9+PIyaZ5X7ItK9aFarN1mceTBETgGJWCDS1AD96AOGgCDJ/AC3sC78Wy8Gp/G16w1Z2Qzh+APjJ9fkJek2g==</latexit>

f(v, r) =
Pn(r)

P̃n(r)

<latexit sha1_base64="eA7fmU1HEha0lE7o8FNxSIdafIY=">AAACInicbVDLSgMxFM3UV62vUZdugkVo0ZYZKT4WQtGNywr2AW0tmTTThmYyQ5IplKHf4sZfceNCUVeCH2M6HXy0Hgg5Oedebu5xAkalsqwPI7WwuLS8kl7NrK1vbG6Z2zs16YcCkyr2mS8aDpKEUU6qiipGGoEgyHMYqTuDq4lfHxIhqc9v1SggbQ/1OHUpRkpLHfPczQ2PoMhf9KZ3y6G9nCiITlQY54bxM3+HftTDb7VjZq2iFQPOEzshWZCg0jHfWl0fhx7hCjMkZdO2AtWOkFAUMzLOtEJJAoQHqEeamnLkEdmO4hXH8EArXej6Qh+uYKz+7oiQJ+XIc3Slh1RfznoT8T+vGSr3rB1RHoSKcDwd5IYMKh9O8oJdKghWbKQJwoLqv0LcRwJhpVPN6BDs2ZXnSe24aJ8USzelbPkyiSMN9sA+yAEbnIIyuAYVUAUY3INH8AxejAfjyXg13qelKSPp2QV/YHx+AZ/foVE=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

� Assume:

Consistency condition:

<latexit sha1_base64="Wge2WGEBJ4WWPDffAa7vUzNU9UA="></latexit>

ci (r�, r+) =
1X

j=1

dijr
j
�r

�j�i+(a+1)
+ 8 i 6= a+ 1

Carballo-Rubio, Di Filippo, Liberati, 
Pacilio, Visser, JHEP 118 (2022).Frolov, PRD 94, 104056 (2016).

[…]

<latexit sha1_base64="YHa5G4jSt7pyHzjoMVaWffkouAQ="></latexit>

,
aX

i=0

dij =

✓
a

a� j

◆
(�1)j

Degenerate dynamical RBH models
<latexit sha1_base64="tEv+LKaN8/Zm8/edYXRLjdJngGY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOagBL14jGAWSYbQ0+lJmnTPDN09QhjyFV48KOLVz/Hm39hZBNcHBY/3qqiq58ecKe0479bc/MLi0nJmJbu6tr6xmdvarqsokYTWSMQj2fSxopyFtKaZ5rQZS4qFz2nDH1yO/cYdlYpF4Y0extQTuBeygBGsjXRbwOfuoX/mHnRyeccul4+dYgn9Jq7tTJCHGaqd3Fu7G5FE0FATjpVquU6svRRLzQino2w7UTTGZIB7tGVoiAVVXjo5eIT2jdJFQSRNhRpN1K8TKRZKDYVvOgXWffXTG4t/ea1EB6deysI40TQk00VBwpGO0Ph71GWSEs2HhmAimbkVkT6WmGiTUdaE8Pkp+p/Uj2z3xC5eF/OVi1kcGdiFPSiACyWowBVUoQYEBNzDIzxZ0nqwnq2XaeucNZvZgW+wXj8AK3uPYA==</latexit>

(a > 1, b = 1)

https://doi.org/10.1007/JHEP09(2022)118
https://doi.org/10.1103/PhysRevD.94.104056
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<latexit sha1_base64="0/Lp0uQ7Vu8Bet9uhN9Bd5ThAM8="></latexit>

g (v, r+) r+ (r+ � r�)
a = 1 , (r+ � r�)

a r+ =
1

g (v, r+)
=

a+1X

i=0

ci (r�, r+) r
i
+

<latexit sha1_base64="jpxg5rVYhucgX0Mn8uIVZKKIxjI=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoVMpMKepGKLpxWcE+oDMOmUymDc08SDKFMsx/uPFX3LhQxJXgwr8xnXahrQdCTs65l5t73JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0c3U744JFzQK7+UkJnaABiH1KUZSSY5eH1TGZ5CfXlk+Rzg1sxQ7RhU7JuRVC3uRFOqRoqqZQf6Q35mjl42akQMuE3NOymCOlqN/Wl6Ek4CEEjMkRN80YmmniEuKGclKViJIjPAIDUhf0RAFRNhpvlsGT5TiQT/i6oQS5urvjhQFQkwCV1UGSA7FojcV//P6ifQv7ZSGcSJJiGeD/IRBGcFpUNCjnGDJJoogzKn6K8RDpEKSKs6SCsFcXHmZdOo187zWuGuUm9fzOIrgCByDCjDBBWiCW9ACbYDBI3gGr+BNe9JetHftY1Za0OY9h+APtK8f1d6fdw==</latexit>

g(v, r) =
1

c0 + c1r + · · ·+ ca+1ra+1

<latexit sha1_base64="6S80BkJK56r4p/XTckmY6BU3SUk=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VpQUoiRQURim5cVrAPaEKZTCft0MkkzEwKJfRj3Pgrblz4wIUbv8VJm0VtPXDhcM693HuPFzEqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjAWmDRwyELR9pAkjHLSUFQx0o4EQYHHSMsb3qV+a0SEpCF/VOOIuAHqc+pTjJSWuua1XxqdiTI8vYGOLxBOnACpAUYsqU+6vCTKk8RRlPXIvJE5XbNoVawp4DKxM1IEGepd88PphTgOCFeYISk7thUpN0FCUczIpODEkkQID1GfdDTlKCDSTaZPTuCJVnrQD4UuruBUnZ9IUCDlOPB0Z3qpXPRS8T+vEyv/yk0oj2JFOJ4t8mMGVQjTxGCPCoIVG2uCsKD6VogHSGeldK4FHYK9+PIyaZ5X7ItK9aFarN1mceTBETgGJWCDS1AD96AOGgCDJ/AC3sC78Wy8Gp/G16w1Z2Qzh+APjJ9fkJek2g==</latexit>

f(v, r) =
Pn(r)

P̃n(r)

<latexit sha1_base64="eA7fmU1HEha0lE7o8FNxSIdafIY=">AAACInicbVDLSgMxFM3UV62vUZdugkVo0ZYZKT4WQtGNywr2AW0tmTTThmYyQ5IplKHf4sZfceNCUVeCH2M6HXy0Hgg5Oedebu5xAkalsqwPI7WwuLS8kl7NrK1vbG6Z2zs16YcCkyr2mS8aDpKEUU6qiipGGoEgyHMYqTuDq4lfHxIhqc9v1SggbQ/1OHUpRkpLHfPczQ2PoMhf9KZ3y6G9nCiITlQY54bxM3+HftTDb7VjZq2iFQPOEzshWZCg0jHfWl0fhx7hCjMkZdO2AtWOkFAUMzLOtEJJAoQHqEeamnLkEdmO4hXH8EArXej6Qh+uYKz+7oiQJ+XIc3Slh1RfznoT8T+vGSr3rB1RHoSKcDwd5IYMKh9O8oJdKghWbKQJwoLqv0LcRwJhpVPN6BDs2ZXnSe24aJ8USzelbPkyiSMN9sA+yAEbnIIyuAYVUAUY3INH8AxejAfjyXg13qelKSPp2QV/YHx+AZ/foVE=</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

� Assume:

Consistency condition:

<latexit sha1_base64="Wge2WGEBJ4WWPDffAa7vUzNU9UA="></latexit>

ci (r�, r+) =
1X

j=1

dijr
j
�r

�j�i+(a+1)
+ 8 i 6= a+ 1

[…]

<latexit sha1_base64="YHa5G4jSt7pyHzjoMVaWffkouAQ="></latexit>

,
aX

i=0

dij =

✓
a

a� j

◆
(�1)j

Test CDLPV model              : 

Carballo-Rubio, Di Filippo, Liberati, 
Pacilio, Visser, JHEP 118 (2022).

<latexit sha1_base64="67dfaO2IwZYUu8LyaZ+xgENBNnk=">AAAB83icbVA9SwNBEJ3zM8avqKXNYhBsEu5iUAuLoI1lBPMByRn2NnvJkr3dY3dPCEf+ho2FIrb+GTv/jZvkCk18MPB4b4aZeUHMmTau++2srK6tb2zmtvLbO7t7+4WDw6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqd+q0nqjST4sGMY+pHeCBYyAg2VuqWzpHqpaXJY+Xa7RWKbtmdAS0TLyNFyFDvFb66fUmSiApDONa647mx8VOsDCOcTvLdRNMYkxEe0I6lAkdU++ns5gk6tUofhVLZEgbN1N8TKY60HkeB7YywGepFbyr+53USE175KRNxYqgg80VhwpGRaBoA6jNFieFjSzBRzN6KyBArTIyNKW9D8BZfXibNStm7KFfvq8XaTRZHDo7hBM7Ag0uowR3UoQEEYniGV3hzEufFeXc+5q0rTjZzBH/gfP4AFVmQbQ==</latexit>

�3r2� < 0

<latexit sha1_base64="2eesjuDe2g71BacMes9LFS/OURE=">AAACCXicbZBNS8MwGMdTX+d8q3r0EhyCMDbaOdSDh6EXjxPcC2y1pFm6haVpSVJhlF29+FW8eFDEq9/Am9/GtOtBN/8Q+OX/PA/J8/ciRqWyrG9jaXlldW29sFHc3Nre2TX39tsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8cbXab3zQISkIb9Tk4g4ARpy6lOMlLZcE55C4Zbva7CSUSW9wXJK2ruEFnTNklW1MsFFsHMogVxN1/zqD0IcB4QrzJCUPduKlJMgoShmZFrsx5JECI/RkPQ0chQQ6STZJlN4rJ0B9EOhD1cwc39PJCiQchJ4ujNAaiTna6n5X60XK//CSSiPYkU4nj3kxwyqEKaxwAEVBCs20YCwoPqvEI+QQFjp8Io6BHt+5UVo16r2WbV+Wy81rvI4CuAQHIETYINz0AA3oAlaAINH8AxewZvxZLwY78bHrHXJyGcOwB8Znz/8rZVy</latexit>

3r2+ � 3r�r+ + r2� < 0

Discriminant: Two distinct complex conjugate roots.

Frolov, PRD 94, 104056 (2016).

<latexit sha1_base64="NwHB6zoJga7O2InmE7ulThP+Iqc=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSLUS9nVol6EohePFdy20C4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKllqgj1ieRStUOsKWeC+oYZTtuJojgOOW2Fo7up33qiSjMpHs04oUGMB4JFjGBjJb+Cby7OeqWyW3VnQMvEy0kZcjR6pa9uX5I0psIQjrXueG5iggwrwwink2I31TTBZIQHtGOpwDHVQTY7doJOrdJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URNdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdoQvMWXl0nzvOpdVmsPtXL9No+jAMdwAhXw4ArqcA8N8IEAg2d4hTdHOC/Ou/Mxb11x8pkj+APn8weA+Y3X</latexit>

(a = 3)

[JHEP 118 (2022)]

Degenerate dynamical RBH models
<latexit sha1_base64="tEv+LKaN8/Zm8/edYXRLjdJngGY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIQIMsxINOagBL14jGAWSYbQ0+lJmnTPDN09QhjyFV48KOLVz/Hm39hZBNcHBY/3qqiq58ecKe0479bc/MLi0nJmJbu6tr6xmdvarqsokYTWSMQj2fSxopyFtKaZ5rQZS4qFz2nDH1yO/cYdlYpF4Y0extQTuBeygBGsjXRbwOfuoX/mHnRyeccul4+dYgn9Jq7tTJCHGaqd3Fu7G5FE0FATjpVquU6svRRLzQino2w7UTTGZIB7tGVoiAVVXjo5eIT2jdJFQSRNhRpN1K8TKRZKDYVvOgXWffXTG4t/ea1EB6deysI40TQk00VBwpGO0Ph71GWSEs2HhmAimbkVkT6WmGiTUdaE8Pkp+p/Uj2z3xC5eF/OVi1kcGdiFPSiACyWowBVUoQYEBNzDIzxZ0nqwnq2XaeucNZvZgW+wXj8AK3uPYA==</latexit>

(a > 1, b = 1)

https://doi.org/10.1007/JHEP09(2022)118
https://doi.org/10.1103/PhysRevD.94.104056
https://doi.org/10.1007/JHEP09(2022)118
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Summary & arXiv:2304.05421 QR code
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Goal:
Investigate the first law of BH mechanics
in the context of dynamical RBHs.

Summary & arXiv:2304.05421 QR code
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1. First law receives corrections that can be interpreted          
as an additional work term of an extended first law:

Results:

<latexit sha1_base64="qp7PUlVMK3gBE4QPVJ2bq1ElrZk="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1

8⇡r2+
�V

Goal:
Investigate the first law of BH mechanics
in the context of dynamical RBHs.
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1. First law receives corrections that can be interpreted          
as an additional work term of an extended first law:

2. Linear coefficient of Misner–Sharp suffices to       
determine the relevant thermodynamic properties.

Results:

<latexit sha1_base64="qp7PUlVMK3gBE4QPVJ2bq1ElrZk="></latexit>

�
⇣r+

2

⌘
=

1� w1

16⇡r+
�A+

w1
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�V

Goal:
Investigate the first law of BH mechanics
in the context of dynamical RBHs.

Summary & arXiv:2304.05421 QR code
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1. First law receives corrections that can be interpreted          
as an additional work term of an extended first law:

2. Linear coefficient of Misner–Sharp suffices to       
determine the relevant thermodynamic properties.

3. Need for corrections is linked to introduction of minimal 
length scale (consequence of spacetime regularization). 

Results:

<latexit sha1_base64="qp7PUlVMK3gBE4QPVJ2bq1ElrZk="></latexit>

�
⇣r+

2

⌘
=

1� w1
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�A+
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Goal:
Investigate the first law of BH mechanics
in the context of dynamical RBHs.
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Review article Stay in touch!

@sebmurk ResearchGate

iNSPIRE HEParXiv

arXiv:2112.06515 [gr-qc]

Int. J. Mod. Phys. D 31, 2230015 (2022)

https://twitter.com/sebmurk
https://www.researchgate.net/profile/Sebastian-Murk
http://inspirehep.net/author/profile/S.Murk.1
https://arxiv.org/a/0000-0001-7296-0420.html
https://arxiv.org/abs/2112.06515
https://doi.org/10.1142/S0218271822300154
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Existence of a trapped region

Geodesic congruences:
<latexit sha1_base64="vHONV3X8iOcaO1Nq2vLketSoIPM="></latexit>

✓� = �2

r
, ✓+ =

f(v, r)

r
Existence of trapped region:

<latexit sha1_base64="yrtV1r5ZOjpI6uQLQh9owypbnRg=">AAACF3icbZDLSgNBEEV7fMb4irp00xgEQQwzEtSdQTcuI5gHJCH0dGqSJj0PumuEMMxfuPFX3LhQxK3u/Bs7yQiaeKHhcKuK6rpuJIVG2/6yFhaXlldWc2v59Y3Nre3Czm5dh7HiUOOhDFXTZRqkCKCGAiU0IwXMdyU03OH1uN64B6VFGNzhKIKOz/qB8ARnaKxuodTGASDrJicp/cFjgxoZHyqQyWWatCVo3UeVUrtbKNoleyI6D04GRZKp2i18tnshj30IkEumdcuxI+wkTKHgEtJ8O9YQmVWsDy2DAfNBd5LJXSk9NE6PeqEyL0A6cX9PJMzXeuS7ptNnONCztbH5X60Vo3fRSUQQxQgBny7yYkkxpOOQaE8o4ChHBhhXwvyV8gFTjKOJMm9CcGZPnof6ack5K5Vvy8XKVRZHjuyTA3JEHHJOKuSGVEmNcPJAnsgLebUerWfrzXqfti5Y2cwe+SPr4xunm6A+</latexit>

✓�✓+
?
7 0

Presence of trapped is signified by                      , which implies
<latexit sha1_base64="uJKLFwJrwGtRzadZtFrUNV82KtY=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIghiSaSoKym6cVnBXqANYTKdtkMnkzBzIpSQja/ixoUibn0Md76N0zaCVn8Y+PjPOZw5fxALrsFxPq3CwuLS8kpxtbS2vrG5ZW/vNHWUKMoaNBKRagdEM8ElawAHwdqxYiQMBGsFo+tJvXXPlOaRvINxzLyQDCTvc0rAWL6914UhA+KnJxn+xuPs0vHtslNxpsJ/wc2hjHLVffuj24toEjIJVBCtO64Tg5cSBZwKlpW6iWYxoSMyYB2DkoRMe+n0gAwfGqeH+5EyTwKeuj8nUhJqPQ4D0xkSGOr52sT8r9ZJoH/hpVzGCTBJZ4v6icAQ4UkauMcVoyDGBghV3PwV0yFRhILJrGRCcOdP/gvN04p7VqneVsu1qzyOItpHB+gIuegc1dANqqMGoihDj+gZvVgP1pP1ar3NWgtWPrOLfsl6/wIRj5YS</latexit>

✓�✓+ > 0
<latexit sha1_base64="5WpZ/hpLbj7HHyfi2Kq+8Hjw7F4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZ0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopYfw2u2VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHvHCNcw==</latexit>

f < 0
<latexit sha1_base64="LLZNM25O8Cm6S/uVSPKrcjkZw8o=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPYTXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz+/eo11</latexit>

f > 0

inside

outside
of the trapped region.

<latexit sha1_base64="Wcl6X1Dmf0bWJmomO+4rqAjp4OA=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIRFQQpunFZwT6gDWUymbZDJ5MwcyOW0L9w46+4caGIW935N07bLGzr4V44nHMvM/cEieAaXPfHKiwtr6yuFddLG5tb2zv27l5dx6mirEZjEatmQDQTXLIacBCsmShGokCwRjC4GfuNB6Y0j+U9DBPmR6QneZdTAkbq2E7vysXty0kBe4SMyHCUC8GMEYehM+rYZddxJ8CLxMtJGeWoduzvdhjTNGISqCBatzw3AT8jCjgVbFRqp5olhA5Ij7UMlSRi2s8md43wkVFC3I2VaQl4ov7dyEik9TAKzGREoK/nvbH4n9dKoXvhZ1wmKTBJpw91U4EhxuOQcMgVoyCGhhCquPkrpn2iCAUTZcmE4M2fvEjqJ4535pzenZYr13kcRXSADtEx8tA5qqBbVEU1RNETekFv6N16tl6tD+tzOlqw8p19NAPr6xeqAp0r</latexit>

g > 0 and b odd.

“Disappearance point”:

<latexit sha1_base64="Xk7GD/Mx+Q/QtxU3NRJl7/CJyOw=">AAACG3icbVBNS8NAEN3U7/pV9ehlsQgVsSRF1KPoxaOCVaEJYbOZtEs3H+5OCiX0f3jxr3jxoIgnwYP/xm3tQVsfDDzem2FmXpBJodG2v6zSzOzc/MLiUnl5ZXVtvbKxeaPTXHFo8lSm6i5gGqRIoIkCJdxlClgcSLgNuudD/7YHSos0ucZ+Bl7M2omIBGdoJL/SUH5xMHAlRFjr+aGrRLuDe9SF+1z0qDH3p0y/UrXr9gh0mjhjUiVjXPqVDzdMeR5DglwyrVuOnaFXMIWCSxiU3VxDxniXtaFlaMJi0F4x+m1Ad40S0ihVphKkI/X3RMFirftxYDpjhh096Q3F/7xWjtGJV4gkyxES/rMoyiXFlA6DoqFQwFH2DWFcCXMr5R2mGEcTZ9mE4Ey+PE1uGnXnqH54dVg9PRvHsUi2yQ6pEYcck1NyQS5Jk3DyQJ7IC3m1Hq1n6816/2ktWeOZLfIH1uc3DQihbg==</latexit>

r� (vd) ⌘ r+ (vd)

<latexit sha1_base64="Q+EAX7KWoKXiRZwd+jmy0WPLPp4=">AAACAHicbVDLSgNBEJyNrxhfqx48eBlMBEEIu0HUY9CLx4jmAUkIs5PeZMjM7DIzGwhLLv6KFw+KePUzvPk3Th4HTSxoKKq66e4KYs608bxvJ7Oyura+kd3MbW3v7O65+wc1HSWKQpVGPFKNgGjgTELVMMOhESsgIuBQDwa3E78+BKVZJB/NKIa2ID3JQkaJsVLHPXpIBC6Q86CARaINDgDDEGSx4+a9ojcFXib+nOTRHJWO+9XqRjQRIA3lROum78WmnRJlGOUwzrUSDTGhA9KDpqWSCNDtdPrAGJ9apYvDSNmSBk/V3xMpEVqPRGA7BTF9vehNxP+8ZmLC63bKZJwYkHS2KEw4NhGepIG7TAE1fGQJoYrZWzHtE0WosZnlbAj+4svLpFYq+pfFi/tSvnwzjyOLjtEJOkM+ukJldIcqqIooGqNn9IrenCfnxXl3PmatGWc+c4j+wPn8AUeklO8=</latexit>

Sum a+ b must be even.
<latexit sha1_base64="HglbY8qr3649nfjZ97VNefUeLno=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCp2W3iHosevFYwX5Au5RsNtuGZpM1yQql9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTsc3c789hNVmknxYMYpDRI8ECxmBBsrdaq4imQUuf1yxXO9OdAq8XNSgRyNfvmrF0mSJVQYwrHWXd9LTTDByjDC6bTUyzRNMRnhAe1aKnBCdTCZ3ztFZ1aJUCyVLWHQXP09McGJ1uMktJ0JNkO97M3E/7xuZuLrYMJEmhkqyGJRnHFkJJo9jyKmKDF8bAkmitlbERlihYmxEZVsCP7yy6ukVXP9S/fivlap3+RxFOEETuEcfLiCOtxBA5pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPifCO/w==</latexit>

a odd.

Hayward,
Phys. Rev. D 49, 6467 (1994).  

<latexit sha1_base64="+IluhmRoycev4MaFEtVwjY02WsA=">AAACHnicbVDLSsNAFJ3UV62vqEs3wSKkaEsi9bERim5cVrAPaGOYTCfp0MmDmUmhhH6JG3/FjQtFBFf6N07TULT1wDBnzrmXO/c4ESVcGMa3kltaXlldy68XNja3tnfU3b0mD2OGcAOFNGRtB3JMSYAbggiK2xHD0HcobjmDm4nfGmLGSRjci1GELR96AXEJgkJKtnrm6sMTVrry0qvrEE9nZWaX9WH6KD3AmXY80xxbLRoVI4W2SMyMFEGGuq1+dnshin0cCEQh5x3TiISVQCYIonhc6MYcRxANoIc7kgbQx9xK0vXG2pFUepobMnkCoaXq744E+pyPfEdW+lD0+bw3Ef/zOrFwL62EBFEscICmg9yYaiLUJllpPcIwEnQkCUSMyL9qqA8ZREImWpAhmPMrL5LmacU8r1TvqsXadRZHHhyAQ6ADE1yAGrgFddAACDyCZ/AK3pQn5UV5Vz6mpTkl69kHf6B8/QCceZ+5</latexit>

f(v, r) = g(v, r)
�
r � r�(v)

�a�
r � r+(v)

�b

<latexit sha1_base64="JUfSjpr5PLbOJ/c68II+ZErTKBY="></latexit>

✓�✓+|v=vd
= � 2

r2
g (vd, r)

�
r � r+(vd)

�a+b  0 8 r

SM, Soranidis,
arXiv:2304.05421 [gr-qc].

https://doi.org/10.1103/PhysRevD.49.6467
https://arxiv.org/abs/2304.05421
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Generalized dynamical charged Hayward–Frolov RBH
<latexit sha1_base64="x0IS61NXAKi9nUT44rxr7FbJXRk="></latexit>

f(v, r) = 1�
�
rg(v)r � q(v)2

�
r2

r4 + (rg(v)r + q(v)2) l(v)2

<latexit sha1_base64="OeKWQ2FBgMmLE4hKIVSntwNaG5s="></latexit>

w1(v, l) =
q(v)2

r+(v)2
+ �(v)l2 +O

�
l4
�

Generalized dynamical metric function:

<latexit sha1_base64="zQOTETrS2xQGt5zUUECKUfhp2XM="></latexit>

KHF
=

1� w1(v, l)

2r+(v, l)
Kodama surface gravity:

<latexit sha1_base64="RyVc8+g/KRSOdNGjplvrcTxniNQ="></latexit>

r�(v, l) = r�(v) + ��(v)l
2 +O

�
l3
�

r+(v, l) = r+(v) + �+(v)l
2 +O

�
l4
�

Horizons:

Consider MS expansion:
<latexit sha1_base64="TKVZFwlm0FCf3KVdhWpghgFSkSM="></latexit>

KHF
=

r+(v)� r�(v)

2r+(v)2
+O

�
l2
�

<latexit sha1_base64="oyXI+SwSvSTBPFpV69qhOKRqy6Q="></latexit>

r�(v) = m(v)�
p

m(v)2 � q(v)2

r+(v) = m(v) +
p
m(v)2 + q(v)2

Differences: 1. Inner horizon               even if            due to the presence of a charged term that is independent of   .
2. Compatibility with the first law is no longer encoded by              . For            , the new compatibility 

condition can be stated as 

<latexit sha1_base64="9qwrXJNV+ssnt5J0krMQCh2Ku74=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMYB6YLGF20kmGzM6uM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSTvzThGP6QDyfucUWOlB9U9Ix2Jj8TtFktu2Z2BLBMvIyXIUOsWvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzi6ekBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/yUyzgxKNl8UT8RxERk+j7pcYXMiLEllClubyVsSBVlxoZUsCF4iy8vk8Z52bsoV+4qpep1FkcejuAYTsGDS6jCLdSgDgwkPMMrvDnaeXHenY95a87JZg7hD5zPHy/Pj/U=</latexit>

r� 6= 0
<latexit sha1_base64="zcPmSp+0ax7xqksWhZIIyIPefYQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHsS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AxxmNeg==</latexit>

l = 0
<latexit sha1_base64="cpfTJkS0aJuavDxr5AjVR4A92n8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH1veM+Q==</latexit>

l
<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0
<latexit sha1_base64="X9vNTup3iFS8er7DkTluCXSrcCo=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqS6LblxWsA9oh5JJM21oJjMkd4Qy9CPcuFDErd/jzr8xbWehrQcCh3PuJfecIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKHUn6GBN3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLcGbmwypCEsbZPIVmovzcyGhkzjQI7GVEcm1VvLv7n9VIMb/xMqCRFrtjyozCVxEacZydDoTlDObWEMi3srYSNqaYMbUMlW4K3GnmdtK+qXr1ae6hVGrd5HUU4g3O4BA+uoQH30IQWMJjAM7zCm5M4L86787EcLTj5zin8gfP5A0jXjuQ=</latexit>

l ! 0
<latexit sha1_base64="MrDV1yce5g7PFwaUnSkS7myM7U4=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0KGWmFHUjFN24rGAf0I5DJs20oZnMmGQqZZgPcOOvuHGhiFs/wJ1/Y9rOQlsPBA7nnMvNPW7IqFSm+W1klpZXVtey67mNza3tnfzuXlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vBq4rdGREga8Fs1Dontoz6nHsVIacnJFx4cqzg6gWbpousJhOP74qh0V0li4cTHyYzrlFk2p4CLxEpJAaSoO/mvbi/AkU+4wgxJ2bHMUNkxEopiRpJcN5IkRHiI+qSjKUc+kXY8PSaBR1rpQS8Q+nEFp+rviRj5Uo59Vyd9pAZy3puI/3mdSHnndkx5GCnC8WyRFzGoAjhpBvaoIFixsSYIC6r/CvEA6U6U7i+nS7DmT14kzUrZOi1Xb6qF2mVaRxYcgENQBBY4AzVwDeqgATB4BM/gFbwZT8aL8W58zKIZI53ZB39gfP4AxlqZlA==</latexit>

w1(v, 0) =
q(v)2

r+(v)2

SM, Soranidis,
arXiv:2304.05421 [gr-qc].

https://arxiv.org/abs/2304.05421
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Page evaporation law

<latexit sha1_base64="iCrmKC3HCw3UreFvDXlhU3kStLA="></latexit>

dM

dt
= �

X

j,`,m,p

1

2⇡

Z 1

0

!�j!`mp

e2⇡!/ � 1
d!Mass loss due to emission of Hawking radiation:

Simplifying assumptions:
<latexit sha1_base64="1G0l5T8DcGWZ6s9dfbgjSQ1Sso0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUC+BoBePEcwDkiXMTnqTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ARNgw3AtuJQioDga1gdDvzW0+oNI+jBzNO0Jd0EPGQM2qs1JbVLgpRdXvFklt25yCrxMtICTLUe8Wvbj9mqcTIMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYGlGJ2p/M752SM6v0SRgrW5Ehc/X3xIRKrccysJ2SmqFe9mbif14nNeG1P+FRkhqM2GJRmApiYjJ7nvS5QmbE2BLKFLe3EjakijJjIyrYELzll1dJ86LsXZYr95VS7SaLIw8ncArn4MEV1OAO6tAABgKe4RXenEfnxXl3PhatOSebOYY/cD5/AFLaj4M=</latexit>

m = ` = 0
<latexit sha1_base64="4kq40g70lWTkbTdCuQjfg8Omko8=">AAACBXicbVA9SwNBEN3zM8avqKUWi0GwCnchqGXQQssI5gNySZjbTJIlu3fn7p4QQhob/4qNhSK2/gc7/42bj0ITHww83pthZl4QC66N6347S8srq2vrqY305tb2zm5mb7+io0QxLLNIRKoWgEbBQywbbgTWYoUgA4HVoH819qsPqDSPwjsziLEhoRvyDmdgrNTKHPnXICVQX3OJ99SPJHahmaeq1W3mW5msm3MnoIvEm5EsmaHUynz57YglEkPDBGhd99zYNIagDGcCR2k/0RgD60MX65aGIFE3hpMvRvTEKm3aiZSt0NCJ+ntiCFLrgQxspwTT0/PeWPzPqyemc9EY8jBODIZsuqiTCGoiOo6EtrlCZsTAEmCK21sp64ECZmxwaRuCN//yIqnkc95ZrnBbyBYvZ3GkyCE5JqfEI+ekSG5IiZQJI4/kmbySN+fJeXHenY9p65Izmzkgf+B8/gAGW5ej</latexit>

� ' !2r2g

<latexit sha1_base64="nvOuQLPOpMiLBgb4gz9mSEVmjyo="></latexit>

dM

dv
' � a

M2
, dr+

dv
' � ↵

r2+

<latexit sha1_base64="y/geU3z/U5HHnvTe2vM1b+RwhNo=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqexqUY9FL16ECvYD2u2STadtaJJdkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoURTqNOKRaoVEA2cS6oYZDq1YAREhh2Y4upn6zUdQmkXywYxj8AUZSNZnlBgrdU0AuKOZwHeB2z0PiiW37M6Al4mXkRLKUAuKX51eRBMB0lBOtG57bmz8lCjDKIdJoZNoiAkdkQG0LZVEgPbT2dUTfGKVHu5HypY0eKb+nkiJ0HosQtspiBnqRW8q/ue1E9O/8lMm48SApPNF/YRjE+FpBLjHFFDDx5YQqpi9FdMhUYQaG1TBhuAtvrxMGmdl76Jcua+UqtdZHHl0hI7RKfLQJaqiW1RDdUSRQs/oFb05T86L8+58zFtzTjZziP7A+fwBFQWRmQ==</latexit>

te ⇠ M3
0

Note:
Effects of Hawking radiation are described by ingoing 
Vaidya metric with decreasing mass                       .

<latexit sha1_base64="soKb+nms1wlGF37VkP6snKpkd7Y=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzFCQ+4MUQsLIo0lJgIauJC9ZQ827O5ddvdICOFX2FhojK0/x85/4wJXKPiSSV7em8nMvCDmTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKmjRBHaIBGP1GOANeVM0oZhhtPHWFEsAk5bwbA281sjqjSL5IMZx9QXuC9ZyAg2Vnoq1s6Lo9KNW+rmC27ZnQOtEi8lBUhR7+a/Or2IJIJKQzjWuu25sfEnWBlGOJ3mOommMSZD3KdtSyUWVPuT+cFTdGaVHgojZUsaNFd/T0yw0HosAtspsBnoZW8m/ue1ExNe+xMm48RQSRaLwoQjE6HZ96jHFCWGjy3BRDF7KyIDrDAxNqOcDcFbfnmVNC/K3mW5cl8pVG/TOLJwAqdQBA+uoAp3UIcGEBDwDK/w5ijnxXl3PhatGSedOYY/cD5/AE9Vjss=</latexit>

(C 0(v) < 0)

<latexit sha1_base64="5yeLu6rgkfdl5hbqZMUQGCYY3mM="></latexit>

↵ = 8a = �
4

⇡

1

e
4⇡

1�w1 � 1
,

↵ = �
4

⇡

1

e4⇡ � 1
+O(w1),

Explicit form of the coefficients and their expansion 
about              : 

<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0

Standard Page evaporation law is modified if
<latexit sha1_base64="OpajdXLRaUULpkcLeXpmS/1TYe4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgmkLbSib7aRdutmE3Y1SSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hZXVtfaO4Wdra3tndK+8fNHSSKYY+S0SiWiHVKLhE33AjsJUqpHEosBkOb6d+8xGV5ol8MKMUg5j2JY84o8ZK/lPXu3a75YpbdWcgy8TLSQVy1Lvlr04vYVmM0jBBtW57bmqCMVWGM4GTUifTmFI2pH1sWyppjDoYz46dkBOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxEV8GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2RC8xZeXSeOs6l1Uz+/PK7WbPI4iHMExnIIHl1CDO6iDDww4PMMrvDnSeXHenY95a8HJZw7hD5zPH/5pjik=</latexit>

w1 = 0 is not satisfied.

SM, Soranidis,
arXiv:2304.05421 [gr-qc].

https://arxiv.org/abs/2304.05421
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Surface gravity in stationary spacetimes

dr

dt
= ±2peel(t)x+O

�
x2

�

Several equivalent definitions, related to either

or

TH =


2⇡
Hawking temperature: (for observer at infinity)

Inaffinity of null geodesics on the horizon:

Peeling off properties of null geodesics near the horizon:

⇠µ;⌫⇠
⌫ := ⇠µ

Killing vector field p
⇠µ⇠µ = 0with norm

r & rg

x := r � rg
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Surface gravity in dynamical spacetimes

In general dynamical spacetimes: no asymptotically timelike Killing vector.

Indistinguishable for sufficiently slowly evolving horizons with properties close to their classical counterparts.

Role of Hawking temperate captured either by peeling or Kodama surface gravity.

Barceló, Liberati, Sonego, Visser, 
Phys. Rev. D 83, 041501(R) (2011). 

Kodama, Prog. Theor. Phys. 63, 1217 (1980).
Abreu, Visser, Phys. Rev. D 82, 044027 (2010).
Kurpicz, Pinamonti, Verch, Lett. Math. Phys. 111, 110 (2021). 

However: the similarity fails for dynamic spherically symmetric solutions!

Mann, SM, Terno, 
Phys. Rev. D 105, 124032 (2022).

https://doi.org/10.1103/PhysRevD.83.041501
https://doi.org/10.1143/PTP.63.1217
https://doi.org/10.1103/PhysRevD.82.044027
https://doi.org/10.1007/s11005-021-01445-7
https://doi.org/10.1103/PhysRevD.105.124032
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Surface gravity in dynamic spacetimes: peeling surface gravity

Consider peeling surface gravity:

With the metric functions C and h of the k=0 and k=1 solutions:

Nielsen, Yoon, Class. Quantum Gravity 25, 085010 (2008).
Cropp, Liberati, Visser, Class. Quantum Gravity 30, 125001 (2013).

peel =
eh(t,rg) (1� C 0 (t, rg))

2rg

dr

dt
= ±2peel(t)x+O

�
x2

�
Cf. stationary expression:

Using Painlevé–Gullstrand coordinates         :(t̄, r)

Nielsen, Visser, 
Class. Quantum Gravity 23, 4637 (2006).

PG1 =
1

2rg

�
1� @rC̄

�����
r=rg

PG2 =
1

2rg

�
1� @rC̄ + @t̄C̄

�����
r=r

PG1 = 0

3 possibilities (0,∞,finite) 
depending on behaviour of t̄

peel ! 1 dr

dt
= ±r0g + a12(t)

p
x+O(x)

C = rg � c12
p
x+

1X

j>1

cjx
j

h = �1

2
ln

x

⇠
+

1X

j> 1
2

hjx
j

For example: k=0

Mann, SM, Terno, 
Phys. Rev. D 105, 124032 (2022).

https://doi.org/10.1088/0264-9381/25/8/085010
https://doi.org/10.1088/0264-9381/30/12/125001
https://doi.org/10.1088/0264-9381/23/14/006
https://doi.org/10.1103/PhysRevD.105.124032
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Surface gravity in dynamic spacetimes: Kodama surface gravity

1

2
Kµ (rµK⌫ �r⌫Kµ) := KK⌫

Kµ =
�
e�h+ , 0, 0, 0

�

rµK
µ = 0,

rµJ
µ = 0, Jµ := Gµ⌫K⌫

K =
1

2

✓
C+(v, r)

r2
� @rC+(v, r)

r

◆����
r=r+

=
(1� w1)

2r+

Defined via

Kodama vector field:

covariantly conserved:

evaluated at horizon.

Result:

0 at formation of black hole.

Approaches static value                         
only if metric is close to pure Vaidya metric.

 = 1/(4M) Contradicts semiclassical results.

(v,r) coordinates

Mann, SM, Terno, 
Phys. Rev. D 105, 124032 (2022).

https://doi.org/10.1103/PhysRevD.105.124032

