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It-from-qubit: geometry/entanglement

Entanglement (reflected in separability, subsystems, gluing issues) has a
big impact in quantum gravity since the last decade:

• holographic
entanglement entropy
in AdS/CFT [Ryu &

Takayanagi 06]
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Bulk reconstruction in AdS/CFT

a series of attempts of space-time bulk geometry 
reconstruction from the structure of correlations of 
the boundary state
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Figure 2: Calculations of Entanglement Entropy in Surface/State Correspondence.

SΣ
A does not change under this deformation as is clear from (2.10), which is consistent

with the unitary evolution. Note that this unitary deformation of ΣA (denoted by Σ̂A) is

terminated when it reaches the extremal surface γΣ
A. This is because we need to keep the

closed surface Σ̂A ∪ ΣB to be convex in order to define the reduced density matrix ρ(Σ̂A).

We can also argue that ρ(ΣA) does not change if we deform the surface ΣB with the same

constraint.

Note that if we apply these claims to the AdS/CFT correspondence and take Σ to

be the AdS boundary, then (2.10) is reduced to the holographic entanglement entropy

formula [25]. Therefore our proposal (2.10) can be regarded as a generalization of holo-

graphic entanglement entropy. For example, we can prove the strong subadditivity in the

same way as that in the holographic entanglement entropy [21, 26].

Now it is also intriguing to ask what is the quantum interpretation of the area of Σ

itself. Even though, Σ is not an extremal surface in general, we can divide Σ into infinitely

many small subregions, which are all well-approximated by extremal surfaces. In such a

small region, the geometry is approximated by a flat space and thus the extremal surfaces

are given by flat planes. This consideration and the proposed correspondence (2.10) lead

to the following relation: ∑

i

SΣ
Ai

=
A(Σ)

4GN
, (2.11)

where Ai describes the infinitesimally small portions of Σ such that Σ = ∪iAi and Ai∩Aj =

φ. SΣ
Ai

is the entanglement when we trace out the complement of Ai inside Σ. It is useful

to note that the left hand side of (2.11) is always larger than or equal to the total von-

Neumann entropy for ρ(Σ) owing to the subadditivity relation.

We would like to call the left-hand side of (2.11) the effective entropy Seff(Σ). This
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[Pastawski, Yoshida, Harlow Preskill 2015]
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=>

[Van Raamsdonk 2009] [Cao Carroll Michalakis 2016]

gravitational theories are equivalent to non-gravitational theories defined as quantum 
many-body systems or quantum field theories: a dual non-gravitational theory lives on 
the boundary of its original gravitational spacetime

similar structural behaviour in Holographic duality:

 holographic 
entanglement entropy

-

Ryu-Takayanagi 2015]  … [Hubeny, Rangamani] 

classical connectivity from quantum superposition Raamsdonk 2010
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two non interacting quantum field theories on

simplest quantum state: product state = no entanglement
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classical connectivity arises by 

entangling the dof  in the two 
components

eternal  AdS BH = 
classically connected 

spacetime

QIT toy models for the bulk/boundary 
correspondence: holographic quantum error- 
correcting codes

-

• space-time bulk geometry reconstruction from the structure of
correlations of the boundary state [Van Raamsdonk 09]

• local holography: surface/state correspondence for each codim-2
convex surface in gravitational spacetime; [Miyaji & Takayanagi 15]

• quantum black holes [Almheiri, Stanford & Maldacena, Engelhardt,...]

=> ? entanglement as spacetime fabric [Bianchi & Myers,12]



Quantum 3D Geometry in Loop Quantum gravity

• Loop Quantum Gravity: first order GR cast in Ashtekar-Barbero
variables (E ,A) canonically quantized: “quantum spacetime”
realised via spin-networks kinematic Hilbert space
[Ashtekar & Lewandowski, Rovelli, Thiemann, et al.]

Hγ = L2(SU(2)E/SU(2)V )
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on graph γ = (L,V ) classically intended as collection of holonomies
ge [A] of the SU(2)-Ashtekar-connection field embedded in 3D space

=> Hγ is spanned by SU(2)-invariant wave-functionals ψγ ({ge})
interpreted as quantum geometry states



Tensor Network Description of SN

TN quantum 3D geometry state ψγ ({ge}) can be abstractly constructed
as a contraction of a generic state |ψ〉 in HV = ⊗V

v Hv with the set
of E edge states comprising the graph (SU(2)-spin network basis)

ψγ({ge}) =
∑

{je}

(
E⊗

e=1

〈e(ge)|
)
|ψ〉
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w/ bulk |ψ〉 =
∑
{ιv} ψ̂({j})ι1...ιV |ι1〉 ⊗ · · · ⊗ |ιV 〉, Hv = span{|ιv 〉}.



Boundaries => Bulk-to Boundary Maps States

Bounded region of 3D space (3-ball) R with ∂R spacetime corner is
defined by an open graph γR ⊂ γ :
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<latexit sha1_base64="R0oj1KadaMxFmWAU0EpToK+MK8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJkdmaZ6VVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mIzdWaPWAo5SHCe0rEQtG0UnNjtBIu0/dUtmv+DOQZRLkpAw5at3SV6enWZZwhUxSa9uBn2I4pgYFk3xS7GSWp5QNaZ+3HVU04TYcz86dkFOn9EisjSuFZKb+nhjTxNpRErnOhOLALnpT8T+vnWF8HY6FSjPkis0XxZkkqMn0d9IThjOUI0coM8LdStiAGsrQJVR0IQSLLy+TxnkluKwE9xfl6k0eRwGO4QTOIIArqMId1KAODIbwDK/w5qXei/fufcxbV7x85gj+wPv8AXJ8j6U=</latexit>◆w
<latexit sha1_base64="JDoziWuZ/nsftHs6zypxoTpVVSI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisaG2hDWWznaRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnYBqFFxiy3AjsJMqpHEgsB2MbqZ++wmV5ol8MOMU/ZhGkoecUWOl+6iP/WrNrbszkGXiFaQGBZr96ldvkLAsRmmYoFp3PTc1fk6V4UzgpNLLNKaUjWiEXUsljVH7+ezUCTmxyoCEibIlDZmpvydyGms9jgPbGVMz1IveVPzP62YmvPJzLtPMoGTzRWEmiEnI9G8y4AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9nde+i7t2d1xrXRRxlOIJjOAUPLqEBt9CEFjCI4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gBBXo3F</latexit>ge

<latexit sha1_base64="+V9PFpiRkEvyzb6ALDlOHOa+nO8=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKqMeiF48V7Ae0y5JNZ9vYbLIk2UpZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tUUWhQyaVqh0QDZwIahhkO7UQBiUMOrXB4O/VbI1CaSfFgxgn4MekLFjFKjJU6EGSjp0nlMYCzoFR2q+4MeJl4OSmjHPWg9NXtSZrGIAzlROuO5ybGz4gyjHKYFLuphoTQIelDx1JBYtB+Njt5gk+t0sORVLaEwTP190RGYq3HcWg7Y2IGetGbiv95ndRE137GRJIaEHS+KEo5NhJP/8c9poAaPraEUMXsrZgOiCLU2JSKNgRv8eVl0jyvepdV7/6iXLvJ4yigY3SCKshDV6iG7lAdNRBFEj2jV/TmGOfFeXc+5q0rTj5zhP7A+fwBB0KRFg==</latexit>

evw(je)

• wave-functions ψγ̃({ge}) take values into the boundary Hilbert space

H∂γR =
⊕

{je}

⊗

e∈∂γ
V je

=> ψγR ({ge}) ∈ H∂γR defines bulk-to-boundary maps, encoding
quantum correlations of the bulk into boundary states coefficients.
[Chirco, Colafranceschi, Oriti 21; Chen & Livine 21, Langenscheidt et al. 22]



Curved Bounded Region: Gauge Fixing the Bulk

not just SU(2)-gauge symmetric tensor networks: carry non-trivial
holonomies => curvature: how much of the bulk geometry can be
recovered from boundary state correlations?

pin any bulk graph can be reduced via gauge fixing: holonomy loops
attached to the “coarse-grained” vertices in the graph;
[Freidel & Livine,03]

<latexit sha1_base64="2A0tPBq7GjGYjWUfyjouCN7d6+g=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4CkkNbb0V9OCxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LQVVPTBwOO9GWbmBQlnSjvOh7Wyura+sVnYKm7v7O7tlw4O20qkkkKLCi5kNyAKOIuhpZnm0E0kkCjg0Akml7nfuQepmIhv9TQBPyKjmIWMEm2k9mjQB84HpbJjX9SrFa+KHdtxam7FzUml5p172DVKjjJaojkovfeHgqYRxJpyolTPdRLtZ0RqRjnMiv1UQULohIygZ2hMIlB+Nr92hk+NMsShkKZijefq94mMREpNo8B0RkSP1W8vF//yeqkO637G4iTVENPFojDlWAucv46HTALVfGoIoZKZWzEdE0moNgEVTQhfn+L/Sbtiu1XbvfHKjatlHAV0jE7QGXJRDTXQNWqiFqLoDj2gJ/RsCevRerFeF60r1nLmCP2A9fYJ6YOPXw==</latexit>g`

<latexit sha1_base64="dnueR1kcze/0kl07o6NXg4N1geU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4rWltoQ9lsN+nSzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM95iiUx0J6CGS6F4CwVK3kk1p3EgeTsYXU/99hPXRiTqAccp92MaKREKRtFK91Gf9qs1t+7OQJaJV5AaFGj2q1+9QcKymCtkkhrT9dwU/ZxqFEzySaWXGZ5SNqIR71qqaMyNn89OnZATqwxImGhbCslM/T2R09iYcRzYzpji0Cx6U/E/r5theOXnQqUZcsXmi8JMEkzI9G8yEJozlGNLKNPC3krYkGrK0KZTsSF4iy8vk8ezundR9+7Oa42bIo4yHMExnIIHl9CAW2hCCxhE8Ayv8OZI58V5dz7mrSWnmDmEP3A+fwA9HI3H</latexit>ga
<latexit sha1_base64="8umWZoXBz1mui6H4CluhCjI9HrY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4rWltoQ9lsJ+nSzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6AaBZfYMtwI7KQKaRwIbAej66nffkKleSIfzDhFP6aR5CFn1FjpPuoH/WrNrbszkGXiFaQGBZr96ldvkLAsRmmYoFp3PTc1fk6V4UzgpNLLNKaUjWiEXUsljVH7+ezUCTmxyoCEibIlDZmpvydyGms9jgPbGVMz1IveVPzP62YmvPJzLtPMoGTzRWEmiEnI9G8y4AqZEWNLKFPc3krYkCrKjE2nYkPwFl9eJo9nde+i7t2d1xo3RRxlOIJjOAUPLqEBt9CEFjCI4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gA+oI3I</latexit>gb

<latexit sha1_base64="bSLriWWrphWNbbdb0D+mEtzVCt0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4rWltoQ9lsJ+nSzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6AaBZfYMtwI7KQKaRwIbAej66nffkKleSIfzDhFP6aR5CFn1FjpPuqzfrXm1t0ZyDLxClKDAs1+9as3SFgWozRMUK27npsaP6fKcCZwUullGlPKRjTCrqWSxqj9fHbqhJxYZUDCRNmShszU3xM5jbUex4HtjKkZ6kVvKv7ndTMTXvk5l2lmULL5ojATxCRk+jcZcIXMiLEllClubyVsSBVlxqZTsSF4iy8vk8ezundR9+7Oa42bIo4yHMExnIIHl9CAW2hCCxhE8Ayv8OYI58V5dz7mrSWnmDmEP3A+fwBAJI3J</latexit>gc

<latexit sha1_base64="DVMl9lakbMg2KhZG+fZw0gdJo5w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ5lsN+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvCsV664VXcGsky8nFQgR71X/ur2Y5pGTBoqUOuO5ybGz1AZTgWblLqpZgnSEQ5Yx1KJEdN+Nrt0Qk6s0idhrGxJQ2bq74kMI63HUWA7IzRDvehNxf+8TmrCaz/jMkkNk3S+KEwFMTGZvk36XDFqxNgSpIrbWwkdokJqbDglG4K3+PIyaZ5Xvcuqd39Rqd3kcRThCI7hFDy4ghrcQR0aQCGEZ3iFN2fkvDjvzse8teDkM4fwB87nDyjNjR4=</latexit>

a)
<latexit sha1_base64="UV0k0pKeGLZ7YR/p9DMiG+ObjBI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpITjrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPHypSjR8=</latexit>

b)

<latexit sha1_base64="hQYGcLYn+iUxUWT0siIuZqfKioI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpgZ31yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5Xvcuqd39Rqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nDyvXjSA=</latexit>

c)
<latexit sha1_base64="DJmfvEawPmyzNLcoCguOuXB0TB8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaWDabTbt0dxN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1kmmCG2RhCeqG2JNOZO0ZZjhtJsqikXIaScc3Uz9ziNVmiXy3oxTGgg8kCxmBBsrPfiG8Yjm/gALgSf9as2tuzOgZeIVpAYFmv3qlx8lJBNUGsKx1j3PTU2QY2UY4XRS8TNNU0xGeEB7lkosqA7y2dUTdGKVCMWJsiUNmqm/J3IstB6L0HYKbIZ60ZuK/3m9zMRXQc5kmhkqyXxRnHFkEjSNAEVMUWL42BJMFLO3IjLEChNjg6rYELzFl5dJ+6zuXdS9u/Na47qIowxHcAyn4MElNOAWmtACAgqe4RXenCfnxXl3PuatJaeYOYQ/cD5/APa8ktE=</latexit>

�̃

<latexit sha1_base64="CMSAdXbUaIwktfz+mAbJSbclPW4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAHjxGMA9IljA7mU2GzM4sM72BEPIRXjwo4tXv8ebfOEn2oNGChqKqm+6uKJXCou9/eYW19Y3NreJ2aWd3b/+gfHjUtDozjDeYltq0I2q5FIo3UKDk7dRwmkSSt6LR7dxvjbmxQqtHnKQ8TOhAiVgwik5qdYVG2hv3yhW/6i9A/pIgJxXIUe+VP7t9zbKEK2SSWtsJ/BTDKTUomOSzUjezPKVsRAe846iiCbfhdHHujJw5pU9ibVwpJAv158SUJtZOksh1JhSHdtWbi/95nQzjm3AqVJohV2y5KM4kQU3mv5O+MJyhnDhCmRHuVsKG1FCGLqGSCyFYffkvaV5Ug6tq8HBZqd3lcRThBE7hHAK4hhrcQx0awGAET/ACr17qPXtv3vuyteDlM8fwC97HN3GSj6Y=</latexit>◆v

<latexit sha1_base64="+V9PFpiRkEvyzb6ALDlOHOa+nO8=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpeyKqMeiF48V7Ae0y5JNZ9vYbLIk2UpZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8tUUWhQyaVqh0QDZwIahhkO7UQBiUMOrXB4O/VbI1CaSfFgxgn4MekLFjFKjJU6EGSjp0nlMYCzoFR2q+4MeJl4OSmjHPWg9NXtSZrGIAzlROuO5ybGz4gyjHKYFLuphoTQIelDx1JBYtB+Njt5gk+t0sORVLaEwTP190RGYq3HcWg7Y2IGetGbiv95ndRE137GRJIaEHS+KEo5NhJP/8c9poAaPraEUMXsrZgOiCLU2JSKNgRv8eVl0jyvepdV7/6iXLvJ4yigY3SCKshDV6iG7lAdNRBFEj2jV/TmGOfFeXc+5q0rTj5zhP7A+fwBB0KRFg==</latexit>

evw(je)

<latexit sha1_base64="R0oj1KadaMxFmWAU0EpToK+MK8k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJkdmaZ6VVCyEd48aCIV7/Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mIzdWaPWAo5SHCe0rEQtG0UnNjtBIu0/dUtmv+DOQZRLkpAw5at3SV6enWZZwhUxSa9uBn2I4pgYFk3xS7GSWp5QNaZ+3HVU04TYcz86dkFOn9EisjSuFZKb+nhjTxNpRErnOhOLALnpT8T+vnWF8HY6FSjPkis0XxZkkqMn0d9IThjOUI0coM8LdStiAGsrQJVR0IQSLLy+TxnkluKwE9xfl6k0eRwGO4QTOIIArqMId1KAODIbwDK/w5qXei/fufcxbV7x85gj+wPv8AXJ8j6U=</latexit>◆w
<latexit sha1_base64="rdMa+472aveWgcK//46HL8k7MVs=">AAAB+XicbZDLSsNAFIYn9VbrLerSzWAR6qYkIupKCm5cVrAXaEOYTE/asZNJmJkUSuibuHGhiFvfxJ1v46TNQlt/GPj4zzmcM3+QcKa043xbpbX1jc2t8nZlZ3dv/8A+PGqrOJUUWjTmsewGRAFnAlqaaQ7dRAKJAg6dYHyX1zsTkIrF4lFPE/AiMhQsZJRoY/m23QfO/Wwyqz35OZ77dtWpO3PhVXALqKJCTd/+6g9imkYgNOVEqZ7rJNrLiNSMcphV+qmChNAxGULPoCARKC+bXz7DZ8YZ4DCW5gmN5+7viYxESk2jwHRGRI/Uci03/6v1Uh3eeBkTSapB0MWiMOVYxziPAQ+YBKr51AChkplbMR0RSag2YVVMCO7yl1ehfVF3r+ruw2W1cVvEUUYn6BTVkIuuUQPdoyZqIYom6Bm9ojcrs16sd+tj0Vqyiplj9EfW5w9BcJNm</latexit>

`v(j`)

=> construct ψγR ({ge , g`}) ∈ H∂γR as proxies of a bounded quantum
3D region with uniformly distributed curvature.



Quantum Space Kirigami: Coarse Graining the Bulk

Reduced description: retain only closure defects via kirigami

<latexit sha1_base64="2A0tPBq7GjGYjWUfyjouCN7d6+g=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4CkkNbb0V9OCxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LQVVPTBwOO9GWbmBQlnSjvOh7Wyura+sVnYKm7v7O7tlw4O20qkkkKLCi5kNyAKOIuhpZnm0E0kkCjg0Akml7nfuQepmIhv9TQBPyKjmIWMEm2k9mjQB84HpbJjX9SrFa+KHdtxam7FzUml5p172DVKjjJaojkovfeHgqYRxJpyolTPdRLtZ0RqRjnMiv1UQULohIygZ2hMIlB+Nr92hk+NMsShkKZijefq94mMREpNo8B0RkSP1W8vF//yeqkO637G4iTVENPFojDlWAucv46HTALVfGoIoZKZWzEdE0moNgEVTQhfn+L/Sbtiu1XbvfHKjatlHAV0jE7QGXJRDTXQNWqiFqLoDj2gJ/RsCevRerFeF60r1nLmCP2A9fYJ6YOPXw==</latexit>g`

<latexit sha1_base64="2A0tPBq7GjGYjWUfyjouCN7d6+g=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4CkkNbb0V9OCxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LQVVPTBwOO9GWbmBQlnSjvOh7Wyura+sVnYKm7v7O7tlw4O20qkkkKLCi5kNyAKOIuhpZnm0E0kkCjg0Akml7nfuQepmIhv9TQBPyKjmIWMEm2k9mjQB84HpbJjX9SrFa+KHdtxam7FzUml5p172DVKjjJaojkovfeHgqYRxJpyolTPdRLtZ0RqRjnMiv1UQULohIygZ2hMIlB+Nr92hk+NMsShkKZijefq94mMREpNo8B0RkSP1W8vF//yeqkO637G4iTVENPFojDlWAucv46HTALVfGoIoZKZWzEdE0moNgEVTQhfn+L/Sbtiu1XbvfHKjatlHAV0jE7QGXJRDTXQNWqiFqLoDj2gJ/RsCevRerFeF60r1nLmCP2A9fYJ6YOPXw==</latexit>g`

<latexit sha1_base64="2A0tPBq7GjGYjWUfyjouCN7d6+g=">AAAB7XicdVBNS8NAEN34WetX1aOXxSJ4CkkNbb0V9OCxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LQVVPTBwOO9GWbmBQlnSjvOh7Wyura+sVnYKm7v7O7tlw4O20qkkkKLCi5kNyAKOIuhpZnm0E0kkCjg0Akml7nfuQepmIhv9TQBPyKjmIWMEm2k9mjQB84HpbJjX9SrFa+KHdtxam7FzUml5p172DVKjjJaojkovfeHgqYRxJpyolTPdRLtZ0RqRjnMiv1UQULohIygZ2hMIlB+Nr92hk+NMsShkKZijefq94mMREpNo8B0RkSP1W8vF//yeqkO637G4iTVENPFojDlWAucv46HTALVfGoIoZKZWzEdE0moNgEVTQhfn+L/Sbtiu1XbvfHKjatlHAV0jE7QGXJRDTXQNWqiFqLoDj2gJ/RsCevRerFeF60r1nLmCP2A9fYJ6YOPXw==</latexit>g`<latexit sha1_base64="I1TDuNVikMi6AZ7ADsuVAZLB0uo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoioq6k4MZlBfuAJoTJZNoOnUnCzEQooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75oQpZ0o7zrdVWVldW9+obta2tnd29+z9g45KMklomyQ8kb0QK8pZTNuaaU57qaRYhJx2w/Ft4XcfqVQsiR/0JKW+wMOYDRjB2kiBfeSxWCNPYD2SIo+mw8CjnAd23Wk4M6Bl4pakDiVagf3lRQnJBI014Vipvuuk2s+x1IxwOq15maIpJmM8pH1DYyyo8vNZ/Ck6NUqEBok0z4SZqb83ciyUmojQTBY51aJXiP95/UwPrv2cxWmmaUzmhwYZRzpBRRcoYpISzSeGYCKZyYrICEtMtGmsZkpwF7+8TDrnDfey4d5f1Js3ZR1VOIYTOAMXrqAJd9CCNhDI4Rle4c16sl6sd+tjPlqxyp1D+APr8wecEpXm</latexit>Z
dg` <latexit sha1_base64="UbKEhwVBHnlZCl+j1tc2BQEPaB0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rF8MOME/YgOJA85o8ZK95dXvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NLJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8MLPuExSg5LNF4WpICYm07dJnytkRowtoUxxeythQ6ooMzackg3BW3z5L2meVL2zqnd3Wqld53EU4QAO4Rg8OIca3EIdGsAghCd4gVdn5Dw7b877vLXg5DP78AvOxzcR7Y0P</latexit>

=>

<latexit sha1_base64="7d8+FAC4+DXJx3Q0t8MpNcGjiD4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuhdoZ0MIyAXOBZAmzk7PJmNkLM7OBsOQJbCwUiaVvY2vn2zibpNDEHwY+/v8c5pzjxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW94m+XNEUrFo/BBj2N0A9oPuc8Z1caqjbrFkl22ZyKr4CygdPM5zfRe7Ra/Or2IJQGGmgmqVNuxY+2mVGrOBE4KnURhTNmQ9rFtMKQBKjedDTohZ8bpET+S5oWazNzfHSkNlBoHnqkMqB6o5Swz/8vaifav3ZSHcaIxZPOP/EQQHZFsa9LjEpkWYwOUSW5mJWxAJWXa3KZgjuAsr7wKjYuyc1l2anapcgdz5eEETuEcHLiCCtxDFerAAOEJXuDVerSerTdrOi/NWYueY/gj6+MHHB2RnQ==</latexit>v <latexit sha1_base64="7d8+FAC4+DXJx3Q0t8MpNcGjiD4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuhdoZ0MIyAXOBZAmzk7PJmNkLM7OBsOQJbCwUiaVvY2vn2zibpNDEHwY+/v8c5pzjxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW94m+XNEUrFo/BBj2N0A9oPuc8Z1caqjbrFkl22ZyKr4CygdPM5zfRe7Ra/Or2IJQGGmgmqVNuxY+2mVGrOBE4KnURhTNmQ9rFtMKQBKjedDTohZ8bpET+S5oWazNzfHSkNlBoHnqkMqB6o5Swz/8vaifav3ZSHcaIxZPOP/EQQHZFsa9LjEpkWYwOUSW5mJWxAJWXa3KZgjuAsr7wKjYuyc1l2anapcgdz5eEETuEcHLiCCtxDFerAAOEJXuDVerSerTdrOi/NWYueY/gj6+MHHB2RnQ==</latexit>v

<latexit sha1_base64="7d8+FAC4+DXJx3Q0t8MpNcGjiD4=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuhdoZ0MIyAXOBZAmzk7PJmNkLM7OBsOQJbCwUiaVvY2vn2zibpNDEHwY+/v8c5pzjxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VJRIhnUWiUi2PKpQ8BDrmmuBrVgiDTyBTW94m+XNEUrFo/BBj2N0A9oPuc8Z1caqjbrFkl22ZyKr4CygdPM5zfRe7Ra/Or2IJQGGmgmqVNuxY+2mVGrOBE4KnURhTNmQ9rFtMKQBKjedDTohZ8bpET+S5oWazNzfHSkNlBoHnqkMqB6o5Swz/8vaifav3ZSHcaIxZPOP/EQQHZFsa9LjEpkWYwOUSW5mJWxAJWXa3KZgjuAsr7wKjYuyc1l2anapcgdz5eEETuEcHLiCCtxDFerAAOEJXuDVerSerTdrOi/NWYueY/gj6+MHHB2RnQ==</latexit>v

<latexit sha1_base64="WcpuxiYslpfBRN1ZUI7n934EKNc=">AAAB8HicbZDLSgMxFIbPeK31VnXpJlgEV2XGhbqzoAuXFexF2qFkMpk2NMkMSaZQhj6FGxVF3Pombt35NmbaLrT1h8DH/59DzjlBwpk2rvvtLC2vrK6tFzaKm1vbO7ulvf2GjlNFaJ3EPFatAGvKmaR1wwynrURRLAJOm8HgKs+bQ6o0i+WdGSXUF7gnWcQINta67xjGQ5oNx91S2a24E6FF8GZQvvx8yvVc65a+OmFMUkGlIRxr3fbcxPgZVoYRTsfFTqppgskA92jbosSCaj+bDDxGx9YJURQr+6RBE/d3R4aF1iMR2EqBTV/PZ7n5X9ZOTXThZ0wmqaGSTD+KUo5MjPLtUcgUJYaPLGCimJ0VkT5WmBh7o6I9gje/8iI0TiveWcW7dcvVa5iqAIdwBCfgwTlU4QZqUAcCAh7gBV4d5Tw6b877tHTJmfUcwB85Hz95MJVT</latexit>

ṽ

<latexit sha1_base64="DnlKK83Q9bteD3UKPxHVGfe7OwI=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZMLW1dWdCFuGrBXqAdSibNtLGZzJBkhDL0Cdy4UKQufRu37nwbM62Civ4Q+Pn+c8g5x4s4UxqhdyuztLyyupZdz21sbm3v5Hf3WiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xudp3r6lUrFQXOtJRN0ADwXzGcHaoMZVP19A9mm1XCyVIbIRqjhFJzXFSumkBB1DUhXOXmepnuv9/FtvEJI4oEITjpXqOijSboKlZoTTaa4XKxphMsZD2jVW4IAqN5kPOoVHhgygH0rzhIZz+r0jwYFSk8AzlQHWI/U7S+FfWTfWftVNmIhiTQVZfOTHHOoQplvDAZOUaD4xBhPJzKyQjLDERJvb5MwRvjaF/5tW0XbKttNAhdoFWCgLDsAhOAYOqIAauAR10AQEUHAHHsCjdWPdW0/WbFGasT579sEPWS8fOXyRsw==</latexit>

J

<latexit sha1_base64="YN5FiRFxtoVcd5B3baPpZoToY38=">AAAB6XicbVDLSgNBEOz1GeMr6tHLkCAoQtj1oB6DXjxGMQ9IljA7O5sMmZldZmaFZckfeBFUxKt/5C1/4+Rx0MSChqKqm+6uIOFMG9cdOyura+sbm4Wt4vbO7t5+6eCwqeNUEdogMY9VO8CaciZpwzDDaTtRFIuA01YwvJ34rSeqNIvlo8kS6gvclyxiBBsrPYRnvVLFrbpToGXizUmlVu6ev45rWb1X+u6GMUkFlYZwrHXHcxPj51gZRjgdFbuppgkmQ9ynHUslFlT7+fTSETqxSoiiWNmSBk3V3xM5FlpnIrCdApuBXvQm4n9eJzXRtZ8zmaSGSjJbFKUcmRhN3kYhU5QYnlmCiWL2VkQGWGFibDhFG4K3+PIyaV5Uvcuqd2/TuIEZCnAMZTgFD66gBndQhwYQiOAZ3uDdGTovzofzOWtdceYzR/AHztcPSAWQLA==</latexit>

d)

<latexit sha1_base64="DVMl9lakbMg2KhZG+fZw0gdJo5w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ5lsN+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvCsV664VXcGsky8nFQgR71X/ur2Y5pGTBoqUOuO5ybGz1AZTgWblLqpZgnSEQ5Yx1KJEdN+Nrt0Qk6s0idhrGxJQ2bq74kMI63HUWA7IzRDvehNxf+8TmrCaz/jMkkNk3S+KEwFMTGZvk36XDFqxNgSpIrbWwkdokJqbDglG4K3+PIyaZ5Xvcuqd39Rqd3kcRThCI7hFDy4ghrcQR0aQCGEZ3iFN2fkvDjvzse8teDkM4fwB87nDyjNjR4=</latexit>

a)
<latexit sha1_base64="UV0k0pKeGLZ7YR/p9DMiG+ObjBI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpITjrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPHypSjR8=</latexit>

b)

<latexit sha1_base64="hQYGcLYn+iUxUWT0siIuZqfKioI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpgZ31yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5Xvcuqd39Rqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nDyvXjSA=</latexit>

c)

• (a,b) single loopy vertex unfolding:

HL
v =

⊕
J,{k}

{
InvSU(2)

[⊗
e∈v V

je ⊗ V J
]
⊗ InvSU(2)

[
V J ⊗

(
V k ⊗ V

k
)]}

• (c,d) coarse graining: partial trace via integration over the loop
holonomy => loopy vertex tagged vertex encoding closure defect
[Charles & Livine, 16; Livine,18]



Maasdammer: Extended Bulk-to-Boundary Map

output we get a ψτ functional now defined as a collection of tagged vertices
glued together via edges, in an extended boundary space containing
the tags:

<latexit sha1_base64="DJmfvEawPmyzNLcoCguOuXB0TB8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaWDabTbt0dxN2N0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1kmmCG2RhCeqG2JNOZO0ZZjhtJsqikXIaScc3Uz9ziNVmiXy3oxTGgg8kCxmBBsrPfiG8Yjm/gALgSf9as2tuzOgZeIVpAYFmv3qlx8lJBNUGsKx1j3PTU2QY2UY4XRS8TNNU0xGeEB7lkosqA7y2dUTdGKVCMWJsiUNmqm/J3IstB6L0HYKbIZ60ZuK/3m9zMRXQc5kmhkqyXxRnHFkEjSNAEVMUWL42BJMFLO3IjLEChNjg6rYELzFl5dJ+6zuXdS9u/Na47qIowxHcAyn4MElNOAWmtACAgqe4RXenCfnxXl3PuatJaeYOYQ/cD5/APa8ktE=</latexit>

�̃

H∂γ̃ =
⊕

{je}

⊗

e∈∂γ̃
V je
⊗

v∈γ̃
VJtag({je})

! the coarse grained state ψτ generalises the bulk-to-boundary map to
H∂γ̃ effectively including reduced curvature information.



Geometry/Entanglement Correspondence

• the extended boundary state in H∂γ̃

|ψτ 〉 =
∑

{je}

(
E⊗

e=1

〈e (ge)|
)
|ψb〉

is written as

|ψτ 〉 =
∑
{j,Mv ,me} C ({ιv , Jv , je}){Mv ,me}

⊗
v |Jv ,Mv 〉

⊗
e∈∂R |je ,me〉

• the coefficients C encode info about quantum correlations of bulk
intertwiners, graph connectivity, and curvature (closure defects).

• TAKE: boundary observer measure - partially coarse grain the bulk
via a random measurement on the bulk state |ψb〉 on

⊗
v HJ

v



Random Measurement on Bulk Vertices

• random measurement realized by projecting onto a set of i.i. (Haar)
random vertex states |fv 〉 (|fv 〉 = Uv |0〉, Uv Haar random unitary)

<latexit sha1_base64="o5rx5cdiPUMaTBKz1izwFMU8Tgo=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBg5RdEfVY0IMIQgX7AdulZNNsG5pNliQrlLU/w4sHRbz6a7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R395paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4fBq4rceqdJMigczSmgQ475gESPYWMl/uj256ygs+px2yxW36k6BFomXkwrkqHfLX52eJGlMhSEca+17bmKCDCvDCKfjUifVNMFkiPvUt1TgmOogm548RkdW6aFIKlvCoKn6eyLDsdajOLSdMTYDPe9NxP88PzXRZZAxkaSGCjJbFKUcGYkm/6MeU5QYPrIEE8XsrYgMsMLE2JRKNgRv/uVF0jyteudV7/6sUrvO4yjCARzCMXhwATW4gTo0gICEZ3iFN8c4L8678zFrLTj5zD78gfP5A+Y9kQQ=</latexit>|J, Mi
<latexit sha1_base64="36oU9bJ/1qInpLEa4rLDHZoJiqg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVUY8BPXiMYB6QLGF20puMmZ1dZ2YDYc13ePGgiFc/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+TcepYlhlsYhVI6AaBZdYNdwIbCQKaRQIrAf967FfH6DSPJb3ZpigH9Gu5CFn1FjJf3o4pS1FZVdge9AuFN2SOwFZJN6MFGGGSrvw1erELI1QGiao1k3PTYyfUWU4EzjKt1KNCWV92sWmpZJGqP1scvSIHFulQ8JY2ZKGTNTfExmNtB5Gge2MqOnpeW8s/uc1UxNe+RmXSWpQsumiMBXExGScAOlwhcyIoSWUKW5vJaxHFWXG5pS3IXjzLy+S2lnJuyh5d+fF8s0sjhwcwhGcgAeXUIZbqEAVGDzCM7zCmzNwXpx352PauuTMZg7gD5zPH8yMkiE=</latexit>|j, aiv

<latexit sha1_base64="ftcmgI9uzzsYTJehJLr/PTIDtQw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgQUoioh4LevBYwX5AG8pmO2nXbjZxd1Mssb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3vFHf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE38xhClYpG406MYvZD0BAsYJdpI3tP9yWNbEtHj2Bl2iiWn7ExhLxI3IyXIUO0Uv9rdiCYhCk05UarlOrH2UiI1oxzHhXaiMCZ0QHrYMlSQEJWXTo8e20dG6dpBJE0JbU/V3xMpCZUahb7pDInuq3lvIv7ntRIdXHopE3GiUdDZoiDhto7sSQJ2l0mkmo8MIVQyc6tN+0QSqk1OBROCO//yIqmflt3zsnt7VqpcZ3Hk4QAO4RhcuIAK3EAVakDhAZ7hFd6sofVivVsfs9aclc3swx9Ynz/wN5I4</latexit>|j, xiv

<latexit sha1_base64="XkBIpnxIMRJdqmIWvviwUZbrGEs=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8SElE1GNBDx4r2A9oQ9lsJ+3azSbubgoh9nd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbS0tr6yurRc2iptb2zu7pb39hooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSH1xO/OUKpWCTudRqjF5K+YAGjRBvJe3o4TTuSiD7H7qhbKjsVZwp7kbg5KUOOWrf01elFNAlRaMqJUm3XibWXEakZ5TgudhKFMaFD0se2oYKEqLxsevTYPjZKzw4iaUpoe6r+nshIqFQa+qYzJHqg5r2J+J/XTnRw5WVMxIlGQWeLgoTbOrInCdg9JpFqnhpCqGTmVpsOiCRUm5yKJgR3/uVF0jiruBcV9+68XL3J4yjAIRzBCbhwCVW4hRrUgcIjPMMrvFkj68V6tz5mrUtWPnMAf2B9/gDxxJI5</latexit>|j, yiv

<latexit sha1_base64="jaWSf/AZ/AP7D7Df+LCmoF8XNnI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgQUoioh4LevBYwX5AG8pmO2nXbjZxd1Oosb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3vFHf36ipKJMUajXgkmz5RyJnAmmaaYzOWSEKfY8MfXE38xhClYpG406MYvZD0BAsYJdpI3tP9yWNbEtHj2Bl2iiWn7ExhLxI3IyXIUO0Uv9rdiCYhCk05UarlOrH2UiI1oxzHhXaiMCZ0QHrYMlSQEJWXTo8e20dG6dpBJE0JbU/V3xMpCZUahb7pDInuq3lvIv7ntRIdXHopE3GiUdDZoiDhto7sSQJ2l0mkmo8MIVQyc6tN+0QSqk1OBROCO//yIqmflt3zsnt7VqpcZ3Hk4QAO4RhcuIAK3EAVakDhAZ7hFd6sofVivVsfs9aclc3swx9Ynz/zUZI6</latexit>|j, ziv

<latexit sha1_base64="YpbBRFA3+U5SQmk+nVZQs1UND4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2FpoQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GTZuDtj5YeLw3MzvzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfJ37D09cGxGre5wk3I/oUIlQMIpW6vQSqlFQ2a/W3Lo7A1kmXkFqUKDZr371BjFLI66QSWpM13MT9LN8GpN8WumlhieUjemQdy1VNOLGz2b7TsmJVQYkjLV9CslM/d2R0ciYSRTYyojiyCx6ufif100xvPIzoZIUuWLzj8JUEoxJfjwZCM0ZyokllGlhdyVsRDVlaCOq2BC8xZOXSfus7l3UvbvzWuOmiKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mpSWn6DmEP3A+fwA7r5Ab</latexit>

@

<latexit sha1_base64="Xtk+1VU03wl+BPSitKALsI7Ao+w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4rmLbQhrLZbtqlm03YnRRK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSqFQdf9ckpr6xubW+Xtys7u3v5B9fCoZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7Ht3O/PeHaiEQ94jTlQUyHSkSCUbSS32uK/qRfrbl1dwHyl3gFqUGBZr/62RskLIu5QiapMV3PTTHIqUbBJJ9VepnhKWVjOuRdSxWNuQnyxbEzcmaVAYkSbUshWag/J3IaGzONQ9sZUxyZVW8u/ud1M4xuglyoNEOu2HJRlEmCCZl/TgZCc4ZyagllWthbCRtRTRnafCo2BG/15b+kdVH3rurew2WtcVfEUYYTOIVz8OAaGnAPTfCBgYAneIFXRznPzpvzvmwtOcXMMfyC8/ENsO2Ong==</latexit>

⇧v

<latexit sha1_base64="YpbBRFA3+U5SQmk+nVZQs1UND4M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2FpoQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GTZuDtj5YeLw3MzvzgkQKg6777ZRWVtfWN8qbla3tnd296v5B28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8odgfJ37D09cGxGre5wk3I/oUIlQMIpW6vQSqlFQ2a/W3Lo7A1kmXkFqUKDZr371BjFLI66QSWpM13MT9LN8GpN8WumlhieUjemQdy1VNOLGz2b7TsmJVQYkjLV9CslM/d2R0ciYSRTYyojiyCx6ufif100xvPIzoZIUuWLzj8JUEoxJfjwZCM0ZyokllGlhdyVsRDVlaCOq2BC8xZOXSfus7l3UvbvzWuOmiKMMR3AMp+DBJTTgFprQAgYSnuEV3pxH58V5dz7mpSWn6DmEP3A+fwA7r5Ab</latexit>

@

<latexit sha1_base64="+FyF60eUE45m6nkXllgL4Zkfjhw=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyNyyBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrToCaCS5Zy3AjWCdRDKNAsMdgfDPzH5+Y0jyWD2aSMD/CoeQhp2isdF/F83654tbcOcgq8XJSgRzNfvmrN4hpGjFpqECtu56bGD9DZTgVbFrqpZolSMc4ZF1LJUZM+9n81Ck5s8qAhLGyJQ2Zq78nMoy0nkSB7YzQjPSyNxP/87qpCa/8jMskNUzSxaIwFcTEZPY3GXDFqBETS5Aqbm8ldIQKqbHplGwI3vLLq6Rdr3kXNe+uXmlc53EU4QROoQoeXEIDbqEJLaAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOKA41O</latexit>

(a)
<latexit sha1_base64="7Bkk8x6m4VH6E3jcsbbyVs5f/1k=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99XgvF+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuat5dvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8weLiI1P</latexit>
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on each extended vertex space K J
v = V J ⊗⊗je∈v V

je ⊗M
{je}
J ,

• the random extended-boundary density matrix is given by a trace
over bulk indices,

ρτ = Tr[ ρb ⊗ ρE Π]

now with the extra insertion of Π =
⊗VR

v Πv =
⊗VR

v |fv 〉〈fv |



Boundary Entanglement via Tripartition

Recipe for measuring boundary entanglement:

1 – Assumptions:

• curvature (closure defects)
uniformly distributed
throughout the graph γ̃R .

• all edges and tags spins
{je}, {Jv} fixed to single
value j and J respectively
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PB( )

5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr

"
⇢⌦k
tags ⌦ ⇢⌦k

E

0
@O

v

X

gv2Sk

Pv(gv)

1
A·

· PA(X) ⌦ PB

�
X�1

�
⌦ PC( )

#
, (23)

where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5

A
(k)
1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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Ā1

<latexit sha1_base64="+4qp+aX7JKyuGgHIl+TPji1eqA8=">AAACEnicbVC7TsNAEDzzDOEVoKSxiCJBE9kRAsoADWVA5CHFwVpfLs4pd2fr7owUGX8DDb9CQwFCtFR0/A2XRwEJI600mtnV7k4QM6q043xbC4tLyyurubX8+sbm1nZhZ7ehokRiUscRi2QrAEUYFaSuqWakFUsCPGCkGQwuR37znkhFI3GrhzHpcAgF7VEM2kh+4aj04MWK+qkXAufg32R3qachyTwJImQk7wUg03O/kvmFolN2xrDniTslRTRFzS98ed0IJ5wIjRko1XadWHdSkJpiRrK8lygSAx5ASNqGCuBEddLxS5ldMkrX7kXSlND2WP09kQJXasgD08lB99WsNxL/89qJ7p11UiriRBOBJ4t6CbN1ZI/ysbtUEqzZ0BDAkppbbdwHCVibFPMmBHf25XnSqJTdk7J7fVysXkzjyKF9dIAOkYtOURVdoRqqI4we0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB1CWeMQ==</latexit>

Ā2

<latexit sha1_base64="04l6WnDbMHkmK3R+coG6jb9QQtI=">AAACHnicbVDJSgNBEO1xd9yiHr00hoCnMCNuR6MXj1HMApk41HQ6SWN3z9DdI4RxvsSLv+LFgyKCJ/0bO8tBjQ8KHu9VUVUvSjjTxvO+nJnZufmFxaVld2V1bX2jsLlV13GqCK2RmMeqGYGmnElaM8xw2kwUBRFx2ohuz4d+444qzWJ5bQYJbQvoSdZlBIyVwsJh6T5INAuzoAdCQHiV32SBgTQPFMgep24pUP04zCo4iEBllTx3K6EfFope2RsBTxN/QopogmpY+Ag6MUkFlYZw0Lrle4lpZ6AMI5zmbpBqmgC5hR5tWSpBUN3ORu/luGSVDu7GypY0eKT+nMhAaD0Qke0UYPr6rzcU//NaqemetDMmk9RQScaLuinHJsbDrHCHKUoMH1gCRDF7KyZ9UECMTdS1Ifh/X54m9f2yf1T2Lw+Kp2eTOJbQDtpFe8hHx+gUXaAqqiGCHtATekGvzqPz7Lw57+PWGWcys41+wfn8BijPonU=</latexit>

A1

<latexit sha1_base64="2mL5XDSLGb6H2IXr0dY4TOflXxg=">AAACHnicbVDLSgNBEJyN7/UV9ehlMAQ8hd3g62j04jGKUSEbl97JJBkyM7vMzAph3S/x4q948aCI4En/xsnjoNGChqKqm+6uKOFMG8/7cgozs3PzC4tL7vLK6tp6cWPzSsepIrRBYh6rmwg05UzShmGG05tEURARp9dR/3ToX99RpVksL80goS0BXck6jICxUljcL98HiWZhFnRBCAgv8tssMJDmgQLZ5dQtB6oXh1kNBxGorJbnbi2shsWSV/FGwH+JPyElNEE9LH4E7ZikgkpDOGjd9L3EtDJQhhFOczdINU2A9KFLm5ZKEFS3stF7OS5bpY07sbIlDR6pPycyEFoPRGQ7BZienvaG4n9eMzWdo1bGZJIaKsl4USfl2MR4mBVuM0WJ4QNLgChmb8WkBwqIsYm6NgR/+uW/5Kpa8Q8q/vle6fhkEsci2kY7aBf56BAdozNURw1E0AN6Qi/o1Xl0np03533cWnAmM1voF5zPbypTonY=</latexit>

A2

<latexit sha1_base64="NiZ/UMWOLqmTj0A+Z+Nzi9MY8pE=">AAACCnicbVC7TsNAEDzzDOFloKQxRJGoIhshoIygoQyIPKTYWOvLJTnl7mzdnZEik5qGX6GhACFavoCOv+GSuICEkVYazexqdydKGFXadb+thcWl5ZXVwlpxfWNza9ve2W2oOJWY1HHMYtmKQBFGBalrqhlpJZIAjxhpRoPLsd+8J1LRWNzqYUICDj1BuxSDNlJoH5Qf/ETRMPN7wDmEN6O7zNeQjnwJosdIsRXaJbfiTuDMEy8nJZSjFtpffifGKSdCYwZKtT030UEGUlPMyKjop4okgAfQI21DBXCigmzyysgpG6XjdGNpSmhnov6eyIArNeSR6eSg+2rWG4v/ee1Ud8+DjIok1UTg6aJuyhwdO+NcnA6VBGs2NASwpOZWB/dBAtYmvaIJwZt9eZ40jiveacW7PilVL/I4CmgfHaIj5KEzVEVXqIbqCKNH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Ynz+m6pre</latexit>

X
<latexit sha1_base64="ScGYA68kzMdsJa5n37hZOEO15qw=">AAACD3icbVC7TsNAEDzzDOFloKSxiIJoiGyEgDKChjIg8pDixFpfLskpd2fr7owUGf8BDb9CQwFCtLR0/A2XRwEJI600mtnV7k4YM6q0635bC4tLyyurubX8+sbm1ra9s1tTUSIxqeKIRbIRgiKMClLVVDPSiCUBHjJSDwdXI79+T6SikbjTw5i0OPQE7VIM2kiBfVh88GNFg9TvAecQ3Gbt1NeQZL4E0WMk32inx14W2AW35I7hzBNvSgpoikpgf/mdCCecCI0ZKNX03Fi3UpCaYkayvJ8oEgMeQI80DRXAiWql438yp2iUjtONpCmhnbH6eyIFrtSQh6aTg+6rWW8k/uc1E929aKVUxIkmAk8WdRPm6MgZheN0qCRYs6EhgCU1tzq4DxKwNhHmTQje7MvzpHZS8s5K3s1poXw5jSOH9tEBOkIeOkdldI0qqIowekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzBzo8nMQ=</latexit>

X�1
<latexit sha1_base64="CqbATCekTKxEEhx/M+pTN9NywWU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCka4/G</latexit>

w̄
<latexit sha1_base64="Q48IPjssj7ln4rriqtVRSf2m0Cs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oUy2m3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38/99oQpzWP5ZKYJ8yMcSh5yisZK7V6AKpvM+uWKW3UXIOvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwWamXapYgHeOQdS2VGDHtZ4tzZ+TCKgMSxsqWNGSh/p7IMNJ6GgW2M0Iz0qveXPzP66YmvPUzLpPUMEmXi8JUEBOT+e9kwBWjRkwtQaq4vZXQESqkxiZUsiF4qy+vk9ZV1atVvcfrSv0uj6MIZ3AOl+DBDdThARrQBApjeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCi5o/F</latexit>

v̄

<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v <latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w

<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v <latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w

<latexit sha1_base64="DVMl9lakbMg2KhZG+fZw0gdJo5w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ5lsN+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsY3U791hNTmsfy0YwT5kc4kDzkFI2VHvCsV664VXcGsky8nFQgR71X/ur2Y5pGTBoqUOuO5ybGz1AZTgWblLqpZgnSEQ5Yx1KJEdN+Nrt0Qk6s0idhrGxJQ2bq74kMI63HUWA7IzRDvehNxf+8TmrCaz/jMkkNk3S+KEwFMTGZvk36XDFqxNgSpIrbWwkdokJqbDglG4K3+PIyaZ5Xvcuqd39Rqd3kcRThCI7hFDy4ghrcQR0aQCGEZ3iFN2fkvDjvzse8teDkM4fwB87nDyjNjR4=</latexit>

a)

<latexit sha1_base64="UV0k0pKeGLZ7YR/p9DMiG+ObjBI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyURUY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpITjrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV7/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPHypSjR8=</latexit>

b)

2 – Tripartition of the extended boundary system into three subsystems
A1, A2, B. Correspondingly, we look at the tripartite Hilbert space

H{j,J}τ =
⊗

e∈A1

V je ⊗
⊗

e∈A2

V je ⊗
⊗

i∈B
V Ji



Entanglement Witness: Logarithmic Negativity

3 – Focus on reduced mixed state ρA1A2 = TrB [ρτ ]: negativity provides a
computable measure of entanglement for mixed states

PPT the amount of entanglement of the state can be quantified by

counting the number of negative eigenvalues of ρ
TA2

A1A2
by

[Peres,96; Horodecki,96]

N(ρA1A2 ) ≡
‖ρTA2

A1A2
‖1 − 1

2
=
∑

i :λi<0

|λi | ,

where ‖·‖1 is the trace norm, and the logarithmic negativity is
defined as

EN(ρA1A2 ) ≡ log‖ρTA2

A1A2
‖1 .

rmk both N and EN are entanglement monotone under general PPT
preserving operations (faithful measure) but not generally a
necessary and sufficient separability criterion.



Rényi, Replicas & Typicality

4 – Look first at the k-th Rényi negativity of ρA1A2 ,

Nk(ρA1A2 ) := Tr

[(
ρ
TA2

A1A2

)k/
(Tr[ρA1A2 ])k

]

then recover the logarithmic negativity in the k → 1 limit.

5 – random measurement on the bulk state => we shall compute
Rényi negativity in expected value,

Eµ [Nk(ρA1A2 )] ≡ Nk(ρA1A2 )

6 – TYPICALITY (1): in the large spin regime, our measure is well
approximated by its average

Nk(ρA1A2 ) ' Nk(ρA1A2 )



Rényi, Replicas & Typicality

7 – TYPICALITY (2): we can approximate averaged Rényi negativity
by the ratio of expected values of the k-th moment and the k-th

power of the partition function of ρ
TA2

A1A2
,

Nk(ρA1A2 ) '
Tr

[(
ρ
TA2

A1A2

)k]

(Tr [(ρA1A2 )])k
≡ Z

(k)
1

Z
(k)
0

8 – REPLICA technique: linearise the partial transpose matrix,

Tr

[(
ρ
TA2

A1A2

)k]
= Tr

[
ρ⊗kA1A2

PA1 (X )⊗ PA2

(
X−1

)]

= Tr
[
ρ⊗kR PA1 (X )⊗ PA2

(
X−1

)
⊗ PB(1)

]
.

PI (σ) unitary representation of the permutation σ, I = A1,A2,B,
with X , X−1 and 1 the cyclic, anti-cyclic and identity permutations.



Rényi, Replicas & Typicality

9 – trace linearity: averaging only concerns random tensors

Z
(k)
1 = Tr

[
ρ⊗kb ⊗ ρ⊗kE

(⊗
v (|fv 〉 〈fv |)⊗k

)
·PA1 (X )⊗ PA2

(
X−1

)
⊗ PB(1)

]

• Schur’s lemma: the average results in a sum over unitary
representations of the permutation group gv acting on the k copies
of the extended vertex space K J

v

(|fv 〉 〈fv |)⊗k =
(Dv − 1)!

(Dv + k − 1)!

∑

gv∈Sk

Pv (gv )

with dimension Dv = dim(K J
v ).

=> Z
(k)
1 = C Tr

[
ρ⊗kb ⊗ ρ⊗kE

(⊗
v

∑
gv∈Sk

Pv (gv )
)
PA1 (X )⊗ PA2

(
X−1

)
⊗ PB(1)

]



Mapping to generalised Ising Model

10 – compute Z
(k)
1 via diagrams:

bulk for k copies of the density matrix, the action of the propagators
factorise in the bulk

<latexit sha1_base64="hTnrwLQAxqNIA0Blkl5c7VQArCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFSo9MvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpe47JSu8vjKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPuEuM5A==</latexit>

X

5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr

"
⇢⌦k
tags ⌦ ⇢⌦k

E

0
@O

v

X

gv2Sk

Pv(gv)

1
A·

· PA(X) ⌦ PB

�
X�1

�
⌦ PC( )

#
, (23)

where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5

A
(k)
1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5
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1

⇥
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⇤
=
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�(gv, gw) log dji
vw

+

+
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�(gv, X) log dji
v

+
X
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vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr
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⇢⌦k
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0
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#
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A
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1/0

⇥
{gv}
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, (25)

defined by the action5

A
(k)
1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.
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=
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+
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�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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with dimension Dv = dim(M
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Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
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0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,
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where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,
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semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
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Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,
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1/0

⇥
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⇤
, (25)

defined by the action5
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ei
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ei
vv̄2A

�(gv, X) log dji
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X

ei
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�(gv, X�1) log dji
v
+
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�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
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⇥
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⇤
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X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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Mapping to generalised Ising Model
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<latexit sha1_base64="NiZ/UMWOLqmTj0A+Z+Nzi9MY8pE=">AAACCnicbVC7TsNAEDzzDOFloKQxRJGoIhshoIygoQyIPKTYWOvLJTnl7mzdnZEik5qGX6GhACFavoCOv+GSuICEkVYazexqdydKGFXadb+thcWl5ZXVwlpxfWNza9ve2W2oOJWY1HHMYtmKQBFGBalrqhlpJZIAjxhpRoPLsd+8J1LRWNzqYUICDj1BuxSDNlJoH5Qf/ETRMPN7wDmEN6O7zNeQjnwJosdIsRXaJbfiTuDMEy8nJZSjFtpffifGKSdCYwZKtT030UEGUlPMyKjop4okgAfQI21DBXCigmzyysgpG6XjdGNpSmhnov6eyIArNeSR6eSg+2rWG4v/ee1Ud8+DjIok1UTg6aJuyhwdO+NcnA6VBGs2NASwpOZWB/dBAtYmvaIJwZt9eZ40jiveacW7PilVL/I4CmgfHaIj5KEzVEVXqIbqCKNH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Ynz+m6pre</latexit>

X
<latexit sha1_base64="ScGYA68kzMdsJa5n37hZOEO15qw=">AAACD3icbVC7TsNAEDzzDOFloKSxiIJoiGyEgDKChjIg8pDixFpfLskpd2fr7owUGf8BDb9CQwFCtLR0/A2XRwEJI600mtnV7k4YM6q0635bC4tLyyurubX8+sbm1ra9s1tTUSIxqeKIRbIRgiKMClLVVDPSiCUBHjJSDwdXI79+T6SikbjTw5i0OPQE7VIM2kiBfVh88GNFg9TvAecQ3Gbt1NeQZL4E0WMk32inx14W2AW35I7hzBNvSgpoikpgf/mdCCecCI0ZKNX03Fi3UpCaYkayvJ8oEgMeQI80DRXAiWql438yp2iUjtONpCmhnbH6eyIFrtSQh6aTg+6rWW8k/uc1E929aKVUxIkmAk8WdRPm6MgZheN0qCRYs6EhgCU1tzq4DxKwNhHmTQje7MvzpHZS8s5K3s1poXw5jSOH9tEBOkIeOkdldI0qqIowekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzBzo8nMQ=</latexit>

X�1

<latexit sha1_base64="04l6WnDbMHkmK3R+coG6jb9QQtI=">AAACHnicbVDJSgNBEO1xd9yiHr00hoCnMCNuR6MXj1HMApk41HQ6SWN3z9DdI4RxvsSLv+LFgyKCJ/0bO8tBjQ8KHu9VUVUvSjjTxvO+nJnZufmFxaVld2V1bX2jsLlV13GqCK2RmMeqGYGmnElaM8xw2kwUBRFx2ohuz4d+444qzWJ5bQYJbQvoSdZlBIyVwsJh6T5INAuzoAdCQHiV32SBgTQPFMgep24pUP04zCo4iEBllTx3K6EfFope2RsBTxN/QopogmpY+Ag6MUkFlYZw0Lrle4lpZ6AMI5zmbpBqmgC5hR5tWSpBUN3ORu/luGSVDu7GypY0eKT+nMhAaD0Qke0UYPr6rzcU//NaqemetDMmk9RQScaLuinHJsbDrHCHKUoMH1gCRDF7KyZ9UECMTdS1Ifh/X54m9f2yf1T2Lw+Kp2eTOJbQDtpFe8hHx+gUXaAqqiGCHtATekGvzqPz7Lw57+PWGWcys41+wfn8BijPonU=</latexit>

A1

<latexit sha1_base64="NiZ/UMWOLqmTj0A+Z+Nzi9MY8pE=">AAACCnicbVC7TsNAEDzzDOFloKQxRJGoIhshoIygoQyIPKTYWOvLJTnl7mzdnZEik5qGX6GhACFavoCOv+GSuICEkVYazexqdydKGFXadb+thcWl5ZXVwlpxfWNza9ve2W2oOJWY1HHMYtmKQBFGBalrqhlpJZIAjxhpRoPLsd+8J1LRWNzqYUICDj1BuxSDNlJoH5Qf/ETRMPN7wDmEN6O7zNeQjnwJosdIsRXaJbfiTuDMEy8nJZSjFtpffifGKSdCYwZKtT030UEGUlPMyKjop4okgAfQI21DBXCigmzyysgpG6XjdGNpSmhnov6eyIArNeSR6eSg+2rWG4v/ee1Ud8+DjIok1UTg6aJuyhwdO+NcnA6VBGs2NASwpOZWB/dBAtYmvaIJwZt9eZ40jiveacW7PilVL/I4CmgfHaIj5KEzVEVXqIbqCKNH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Ynz+m6pre</latexit>

X
<latexit sha1_base64="ScGYA68kzMdsJa5n37hZOEO15qw=">AAACD3icbVC7TsNAEDzzDOFloKSxiIJoiGyEgDKChjIg8pDixFpfLskpd2fr7owUGf8BDb9CQwFCtLR0/A2XRwEJI600mtnV7k4YM6q0635bC4tLyyurubX8+sbm1ra9s1tTUSIxqeKIRbIRgiKMClLVVDPSiCUBHjJSDwdXI79+T6SikbjTw5i0OPQE7VIM2kiBfVh88GNFg9TvAecQ3Gbt1NeQZL4E0WMk32inx14W2AW35I7hzBNvSgpoikpgf/mdCCecCI0ZKNX03Fi3UpCaYkayvJ8oEgMeQI80DRXAiWql438yp2iUjtONpCmhnbH6eyIFrtSQh6aTg+6rWW8k/uc1E929aKVUxIkmAk8WdRPm6MgZheN0qCRYs6EhgCU1tzq4DxKwNhHmTQje7MvzpHZS8s5K3s1poXw5jSOH9tEBOkIeOkdldI0qqIowekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzBzo8nMQ=</latexit>

X�1

<latexit sha1_base64="mmjCdckzgDGy0GAF/SXp2etSFCk=">AAACEnicbVC7TsNAEDyHVwgvAyWNRRQJmshGCCgDNJQBkYcUB2t9uSSn3J2tuzNSZPwNNPwKDQUI0VLR8TdcHgUkjLTSaGZXuzthzKjSrvtt5RYWl5ZX8quFtfWNzS17e6euokRiUsMRi2QzBEUYFaSmqWakGUsCPGSkEQ4uR37jnkhFI3GrhzFpc+gJ2qUYtJEC+7D04MeKBqnfA84huMnuUl9DkvkSRI+Rgh+CTM8DLwvsolt2x3DmiTclRTRFNbC//E6EE06ExgyUanlurNspSE0xI1nBTxSJAQ+gR1qGCuBEtdPxS5lTMkrH6UbSlNDOWP09kQJXashD08lB99WsNxL/81qJ7p61UyriRBOBJ4u6CXN05IzycTpUEqzZ0BDAkppbHdwHCVibFAsmBG/25XlSPyp7J2Xv+rhYuZjGkUd7aB8dIA+dogq6QlVUQxg9omf0it6sJ+vFerc+Jq05azqzi/7A+vwB0qCeMA==</latexit>

Ā1

<latexit sha1_base64="+4qp+aX7JKyuGgHIl+TPji1eqA8=">AAACEnicbVC7TsNAEDzzDOEVoKSxiCJBE9kRAsoADWVA5CHFwVpfLs4pd2fr7owUGX8DDb9CQwFCtFR0/A2XRwEJI600mtnV7k4QM6q043xbC4tLyyurubX8+sbm1nZhZ7ehokRiUscRi2QrAEUYFaSuqWakFUsCPGCkGQwuR37znkhFI3GrhzHpcAgF7VEM2kh+4aj04MWK+qkXAufg32R3qachyTwJImQk7wUg03O/kvmFolN2xrDniTslRTRFzS98ed0IJ5wIjRko1XadWHdSkJpiRrK8lygSAx5ASNqGCuBEddLxS5ldMkrX7kXSlND2WP09kQJXasgD08lB99WsNxL/89qJ7p11UiriRBOBJ4t6CbN1ZI/ysbtUEqzZ0BDAkppbbdwHCVibFPMmBHf25XnSqJTdk7J7fVysXkzjyKF9dIAOkYtOURVdoRqqI4we0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB1CWeMQ==</latexit>

Ā2

<latexit sha1_base64="2mL5XDSLGb6H2IXr0dY4TOflXxg=">AAACHnicbVDLSgNBEJyN7/UV9ehlMAQ8hd3g62j04jGKUSEbl97JJBkyM7vMzAph3S/x4q948aCI4En/xsnjoNGChqKqm+6uKOFMG8/7cgozs3PzC4tL7vLK6tp6cWPzSsepIrRBYh6rmwg05UzShmGG05tEURARp9dR/3ToX99RpVksL80goS0BXck6jICxUljcL98HiWZhFnRBCAgv8tssMJDmgQLZ5dQtB6oXh1kNBxGorJbnbi2shsWSV/FGwH+JPyElNEE9LH4E7ZikgkpDOGjd9L3EtDJQhhFOczdINU2A9KFLm5ZKEFS3stF7OS5bpY07sbIlDR6pPycyEFoPRGQ7BZienvaG4n9eMzWdo1bGZJIaKsl4USfl2MR4mBVuM0WJ4QNLgChmb8WkBwqIsYm6NgR/+uW/5Kpa8Q8q/vle6fhkEsci2kY7aBf56BAdozNURw1E0AN6Qi/o1Xl0np03533cWnAmM1voF5zPbypTonY=</latexit>

A2

<latexit sha1_base64="NiZ/UMWOLqmTj0A+Z+Nzi9MY8pE=">AAACCnicbVC7TsNAEDzzDOFloKQxRJGoIhshoIygoQyIPKTYWOvLJTnl7mzdnZEik5qGX6GhACFavoCOv+GSuICEkVYazexqdydKGFXadb+thcWl5ZXVwlpxfWNza9ve2W2oOJWY1HHMYtmKQBFGBalrqhlpJZIAjxhpRoPLsd+8J1LRWNzqYUICDj1BuxSDNlJoH5Qf/ETRMPN7wDmEN6O7zNeQjnwJosdIsRXaJbfiTuDMEy8nJZSjFtpffifGKSdCYwZKtT030UEGUlPMyKjop4okgAfQI21DBXCigmzyysgpG6XjdGNpSmhnov6eyIArNeSR6eSg+2rWG4v/ee1Ud8+DjIok1UTg6aJuyhwdO+NcnA6VBGs2NASwpOZWB/dBAtYmvaIJwZt9eZ40jiveacW7PilVL/I4CmgfHaIj5KEzVEVXqIbqCKNH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Ynz+m6pre</latexit>

X
<latexit sha1_base64="ScGYA68kzMdsJa5n37hZOEO15qw=">AAACD3icbVC7TsNAEDzzDOFloKSxiIJoiGyEgDKChjIg8pDixFpfLskpd2fr7owUGf8BDb9CQwFCtLR0/A2XRwEJI600mtnV7k4YM6q0635bC4tLyyurubX8+sbm1ra9s1tTUSIxqeKIRbIRgiKMClLVVDPSiCUBHjJSDwdXI79+T6SikbjTw5i0OPQE7VIM2kiBfVh88GNFg9TvAecQ3Gbt1NeQZL4E0WMk32inx14W2AW35I7hzBNvSgpoikpgf/mdCCecCI0ZKNX03Fi3UpCaYkayvJ8oEgMeQI80DRXAiWql438yp2iUjtONpCmhnbH6eyIFrtSQh6aTg+6rWW8k/uc1E929aKVUxIkmAk8WdRPm6MgZheN0qCRYs6EhgCU1tzq4DxKwNhHmTQje7MvzpHZS8s5K3s1poXw5jSOH9tEBOkIeOkdldI0qqIowekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzBzo8nMQ=</latexit>

X�1

<latexit sha1_base64="2mL5XDSLGb6H2IXr0dY4TOflXxg=">AAACHnicbVDLSgNBEJyN7/UV9ehlMAQ8hd3g62j04jGKUSEbl97JJBkyM7vMzAph3S/x4q948aCI4En/xsnjoNGChqKqm+6uKOFMG8/7cgozs3PzC4tL7vLK6tp6cWPzSsepIrRBYh6rmwg05UzShmGG05tEURARp9dR/3ToX99RpVksL80goS0BXck6jICxUljcL98HiWZhFnRBCAgv8tssMJDmgQLZ5dQtB6oXh1kNBxGorJbnbi2shsWSV/FGwH+JPyElNEE9LH4E7ZikgkpDOGjd9L3EtDJQhhFOczdINU2A9KFLm5ZKEFS3stF7OS5bpY07sbIlDR6pPycyEFoPRGQ7BZienvaG4n9eMzWdo1bGZJIaKsl4USfl2MR4mBVuM0WJ4QNLgChmb8WkBwqIsYm6NgR/+uW/5Kpa8Q8q/vle6fhkEsci2kY7aBf56BAdozNURw1E0AN6Qi/o1Xl0np03533cWnAmM1voF5zPbypTonY=</latexit>

A2

<latexit sha1_base64="+4qp+aX7JKyuGgHIl+TPji1eqA8=">AAACEnicbVC7TsNAEDzzDOEVoKSxiCJBE9kRAsoADWVA5CHFwVpfLs4pd2fr7owUGX8DDb9CQwFCtFR0/A2XRwEJI600mtnV7k4QM6q043xbC4tLyyurubX8+sbm1nZhZ7ehokRiUscRi2QrAEUYFaSuqWakFUsCPGCkGQwuR37znkhFI3GrhzHpcAgF7VEM2kh+4aj04MWK+qkXAufg32R3qachyTwJImQk7wUg03O/kvmFolN2xrDniTslRTRFzS98ed0IJ5wIjRko1XadWHdSkJpiRrK8lygSAx5ASNqGCuBEddLxS5ldMkrX7kXSlND2WP09kQJXasgD08lB99WsNxL/89qJ7p11UiriRBOBJ4t6CbN1ZI/ysbtUEqzZ0BDAkppbbdwHCVibFPMmBHf25XnSqJTdk7J7fVysXkzjyKF9dIAOkYtOURVdoRqqI4we0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB1CWeMQ==</latexit>

Ā2

<latexit sha1_base64="2mL5XDSLGb6H2IXr0dY4TOflXxg=">AAACHnicbVDLSgNBEJyN7/UV9ehlMAQ8hd3g62j04jGKUSEbl97JJBkyM7vMzAph3S/x4q948aCI4En/xsnjoNGChqKqm+6uKOFMG8/7cgozs3PzC4tL7vLK6tp6cWPzSsepIrRBYh6rmwg05UzShmGG05tEURARp9dR/3ToX99RpVksL80goS0BXck6jICxUljcL98HiWZhFnRBCAgv8tssMJDmgQLZ5dQtB6oXh1kNBxGorJbnbi2shsWSV/FGwH+JPyElNEE9LH4E7ZikgkpDOGjd9L3EtDJQhhFOczdINU2A9KFLm5ZKEFS3stF7OS5bpY07sbIlDR6pPycyEFoPRGQ7BZienvaG4n9eMzWdo1bGZJIaKsl4USfl2MR4mBVuM0WJ4QNLgChmb8WkBwqIsYm6NgR/+uW/5Kpa8Q8q/vle6fhkEsci2kY7aBf56BAdozNURw1E0AN6Qi/o1Xl0np03533cWnAmM1voF5zPbypTonY=</latexit>

A2

<latexit sha1_base64="+4qp+aX7JKyuGgHIl+TPji1eqA8=">AAACEnicbVC7TsNAEDzzDOEVoKSxiCJBE9kRAsoADWVA5CHFwVpfLs4pd2fr7owUGX8DDb9CQwFCtFR0/A2XRwEJI600mtnV7k4QM6q043xbC4tLyyurubX8+sbm1nZhZ7ehokRiUscRi2QrAEUYFaSuqWakFUsCPGCkGQwuR37znkhFI3GrhzHpcAgF7VEM2kh+4aj04MWK+qkXAufg32R3qachyTwJImQk7wUg03O/kvmFolN2xrDniTslRTRFzS98ed0IJ5wIjRko1XadWHdSkJpiRrK8lygSAx5ASNqGCuBEddLxS5ldMkrX7kXSlND2WP09kQJXasgD08lB99WsNxL/89qJ7p11UiriRBOBJ4t6CbN1ZI/ysbtUEqzZ0BDAkppbbdwHCVibFPMmBHf25XnSqJTdk7J7fVysXkzjyKF9dIAOkYtOURVdoRqqI4we0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB1CWeMQ==</latexit>

Ā2

<latexit sha1_base64="2mL5XDSLGb6H2IXr0dY4TOflXxg=">AAACHnicbVDLSgNBEJyN7/UV9ehlMAQ8hd3g62j04jGKUSEbl97JJBkyM7vMzAph3S/x4q948aCI4En/xsnjoNGChqKqm+6uKOFMG8/7cgozs3PzC4tL7vLK6tp6cWPzSsepIrRBYh6rmwg05UzShmGG05tEURARp9dR/3ToX99RpVksL80goS0BXck6jICxUljcL98HiWZhFnRBCAgv8tssMJDmgQLZ5dQtB6oXh1kNBxGorJbnbi2shsWSV/FGwH+JPyElNEE9LH4E7ZikgkpDOGjd9L3EtDJQhhFOczdINU2A9KFLm5ZKEFS3stF7OS5bpY07sbIlDR6pPycyEFoPRGQ7BZienvaG4n9eMzWdo1bGZJIaKsl4USfl2MR4mBVuM0WJ4QNLgChmb8WkBwqIsYm6NgR/+uW/5Kpa8Q8q/vle6fhkEsci2kY7aBf56BAdozNURw1E0AN6Qi/o1Xl0np03533cWnAmM1voF5zPbypTonY=</latexit>

A2

<latexit sha1_base64="+4qp+aX7JKyuGgHIl+TPji1eqA8=">AAACEnicbVC7TsNAEDzzDOEVoKSxiCJBE9kRAsoADWVA5CHFwVpfLs4pd2fr7owUGX8DDb9CQwFCtFR0/A2XRwEJI600mtnV7k4QM6q043xbC4tLyyurubX8+sbm1nZhZ7ehokRiUscRi2QrAEUYFaSuqWakFUsCPGCkGQwuR37znkhFI3GrhzHpcAgF7VEM2kh+4aj04MWK+qkXAufg32R3qachyTwJImQk7wUg03O/kvmFolN2xrDniTslRTRFzS98ed0IJ5wIjRko1XadWHdSkJpiRrK8lygSAx5ASNqGCuBEddLxS5ldMkrX7kXSlND2WP09kQJXasgD08lB99WsNxL/89qJ7p11UiriRBOBJ4t6CbN1ZI/ysbtUEqzZ0BDAkppbbdwHCVibFPMmBHf25XnSqJTdk7J7fVysXkzjyKF9dIAOkYtOURVdoRqqI4we0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwB1CWeMQ==</latexit>

Ā2

<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v <latexit sha1_base64="Cu9BT/YtVvvPPnVoKVDJ+gypfNY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5q2NAQ==</latexit>w

<latexit sha1_base64="CqbATCekTKxEEhx/M+pTN9NywWU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0oJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCka4/G</latexit>

w̄
<latexit sha1_base64="Q48IPjssj7ln4rriqtVRSf2m0Cs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oUy2m3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUUdaksYhVJ0DNBJesabgRrJMohlEgWDsY38/99oQpzWP5ZKYJ8yMcSh5yisZK7V6AKpvM+uWKW3UXIOvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwWamXapYgHeOQdS2VGDHtZ4tzZ+TCKgMSxsqWNGSh/p7IMNJ6GgW2M0Iz0qveXPzP66YmvPUzLpPUMEmXi8JUEBOT+e9kwBWjRkwtQaq4vZXQESqkxiZUsiF4qy+vk9ZV1atVvcfrSv0uj6MIZ3AOl+DBDdThARrQBApjeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCi5o/F</latexit>

v̄

k = 3

• with A
(k)
1/0 (normalized) action of a generalized Ising-like model:

A
(k)
1

[
{gv}

]
= Aι+

∑

e ivw∈ER
∆(gv , gw ) log dj ivw +

∑

e iv v̄∈A1

∆(gv ,X ) log dj iv v̄

+
∑

e iv v̄∈A2

∆(gv ,X
−1) log dj iv v̄ +

∑

v

∆(gv ,1) logDJv

• Cayley distances ∆(g , h) = k − χ(g−1 h) on the permutation group
Sk , where χ(g) indicates the number of cycles in a permutation g .



Mapping to generalised Ising Model

1st Result

• we can then formally divide the action in three terms as follows

A
(k)
1 = A

(k)
topology + A

(k)
phys

∗ A
(k)
topology = A

(k)
edges + A

(k)
tags – graph connectivity

∗ Aphys = Aι – quantum correlations among bulk intertwiners.

Focus on A
(k)
topology: define log dj ≡ β and logDJ ≡ βt

Nk(ρA1A2 ) '
∑

{gv}
e−A

(k)

topology/0 =
∑

{gv}
e−(β He+βt Htags)

in the large spin (the strong coupling or “low temperature”) regime,
the leading contribution to Nk corresponds to dominant {gv}
configurations that minimize the action!



Example: Cluster of four tags

Example: tagged open spin network graph corresponding to a cluster of
four-valent tagged vertices, with T = 4 and E∂R = 4
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2nd Result: we find three configurations with minimal energy
(equilibrium phases). The corresponding actions (for even k > 0)

• hole: cluster colored with 1: A(1)
k = βE∂R (k − 1);

• bipartite: cluster colored with X (X−1):

A(X )
k = β S (k − 2) + βt T (k − 1) w/ S min-cut btw X – X−1;

• island cluster colored with τ : A(τ)
k = βE∂R

(
k
2 − 1

)
+ βtT

k
2 .



Hole Regime: Boundary Thermalization

for T > E∂R
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lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr

"
⇢⌦k
tags ⌦ ⇢⌦k

E

0
@O

v

X

gv2Sk

Pv(gv)

1
A·

· PA(X) ⌦ PB

�
X�1

�
⌦ PC( )

#
, (23)

where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5

A
(k)
1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
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i
. Z
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0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦
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O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}
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, (25)

defined by the action5
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1
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=
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+

+
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+
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+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
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(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.
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respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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lemma, see [? ]) in a sum over unitary representations of
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single vertex degeneracy space M
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Jv ,
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=
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gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q
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(Dv�1)!

(Dv+k�1)!

i
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0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R
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where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,
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vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
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i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,
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defined by the action5

A
(k)
1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā
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with ⇠ a constant term and
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the bulk state contribution. In (??) and (??).The ac-

tion A
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⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.
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X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,
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the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
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⇥
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⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.
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respctively.
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X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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the dimension of the Hilbert spaces of the edges spin
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all the edges carry the same spin j and all tags carry the
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and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)
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lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain
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X

gv2Sk
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· PA(X) ⌦ PB

�
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�
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#
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where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5
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=
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�(gv, gw) log dji
vw

+

+
X
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�(gv, X) log dji
v

+
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vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.
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respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
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teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6
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all the edges carry the same spin j and all tags carry the
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the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
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internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
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respectively as
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“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
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5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr

"
⇢⌦k
tags ⌦ ⇢⌦k

E

0
@O

v

X

gv2Sk

Pv(gv)

1
A·

· PA(X) ⌦ PB

�
X�1

�
⌦ PC( )

#
, (23)

where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5
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1
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⇤
=
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�(gv, gw) log dji
vw

+

+
X
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vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and
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�(gv , ) log dji
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+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.

5

lemma, see [? ]) in a sum over unitary representations of
the permutation group gv acting on the k copies of the

single vertex degeneracy space M
{je}
Jv ,

(|fvi hfv|)⌦k
=

(Dv � 1)!

(Dv + k � 1)!

X

gv2Sk

Pv(gv) , (22)

with dimension Dv = dim(M
{je}
Jv ).

By performing the average, individually on each inde-
pendent random vertex state, eventually we obtain

Z
(k)
1 = C Tr

"
⇢⌦k
tags ⌦ ⇢⌦k

E

0
@O

v

X

gv2Sk

Pv(gv)

1
A·

· PA(X) ⌦ PB

�
X�1

�
⌦ PC( )

#
, (23)

where the trace factorizes over the Hilbert spaces of a)
internal edges, b) boundary spins and c) bulk intertwin-

ers, while C =
Q

v

h
(Dv�1)!

(Dv+k�1)!

i
. Z

(k)
0 has the same form

with X and X�1 replaced by .

Now, to compute the action of the permutation oper-
ators on the di↵erent degrees of freedom at each vertex,
we factorize Pv(gv) into four di↵erent sets of operators,

Pv(gv) = Pv,0(gv) ⌦
O

ei
vw2ER

Pv,i(gv)⌦

⌦
O

ei
vv̄2E@R

Pv,i(gv) ⌦ Pv,tag(gv) , (24)

where Pv,0(gv) acts on k copies of the multiplicity inter-
twiner space,

N
ei

vw2ER
Pv,i(gv) acts on k copies of the

internal edges,
N

ei
vv̄2E@R

Pv,i(gv) acts on the boundary

semi-edges, with v̄ representing a virtual vertex which
is connected to v by the boundary edge ei

vv̄, and finallyN
Jv

i 2TR
Pv,i(gv) acting on k copies of the tags. We indi-

cate with ei
vw 2 ER the ith internal edge which connects

the vertex v to the vertex w.

Accordingly, the computation of the trace can be de-
composed into four contributions, respectively for the a)
internal edges, b) boundary spins and c) tags spins d)
bulk intertwiners (for the technical aspects of the com-
putation we refer the reader to []).

As a result, the (normalised) k-th power of the parti-
tion function is mapped to the classical partition function
of a generalized Ising-like model,

Z
(k)
1/0 =

X

{gv}
e
�A

(k)

1/0

⇥
{gv}

⇤
, (25)

defined by the action5
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1

⇥
{gv}

⇤
=

X

ei
vw2ER

�(gv, gw) log dji
vw

+

+
X

ei
vv̄2A

�(gv, X) log dji
v

+
X

ei
vv̄2Ā

�(gv, X�1) log dji
v
+

+
X

Ji
vv̄2B

�(gv, ) log DJi
v

+ Atags + ⇠ (27)

with ⇠ a constant term and

Atags = � log

(
Trbulk

h
| tagsih tags|⌦k

(⌦vPv,0(gv))
i)

(28)
the bulk state contribution. In (??) and (??).The ac-

tion A
(k)
1

⇥
{gv}

⇤
describes a two-body interaction between

permutation elements, which therefore act as generalized
spins, attached to the spin network vertices. These in-
teractions are described by the Cayley distance �(g, h),
for g, h elements of the permutation group, while the pin-
ning permutations fields X, X�1 and play the role of
boundary conditions attached to the boundary and tags
spins.6

We consider a quasi-homogeneous spin network, where
all the edges carry the same spin j and all tags carry the
same spin J , with j 6= J generally. Given dj = 2j + 1
the dimension of the Hilbert spaces of the edges spin
and DJ = 2J + 1 the dimension of the Hilbert space of
the tags spin, we define the strength of the interactions
respectively as

log dj ⌘ � , log DJ ⌘ �t (29)

intended as inverse temperatures in analogy with stan-
dard Ising models. The action favours neighbouring
“spins” to be parallel. Therefore, in the large spin di-
mension limit, corresponding to some strong coupling or
“low temperature” regime, the dominant configurations
that minimize the action correspond to large uniform spin
domains separated by domain walls, which in turn give
the energy cost of the configuration. We expect maximal
domains to be associated to equilibrium configurations.
In particular, maximal domains correspond to minimal
domain walls.

5 and

A
(k)
0

⇥
{gv}

⇤
=

X

ei
vw2L

�(gv , gw) log dji
vw

+

+
X

Ji
vv̄2TR[E@R

�(gv , ) log dji
v

+ A( tags) + ⇠ , (26)

respctively.
6 One can equivalently think of the pinning permutations fields X,

X�1 and as being attached to virtual 1-valent vertices on the
extended boundary.
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1
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(βE∂R − βtT ) + log

8

3π



Island Regime and Curvature

3rd Remarkable (though expected in the typical regime): [Shapourian,21]

! entanglement phases defined solely in terms of the relative
dimensions of the three subsystems A1, A2 and B, via the ratio of
bulk curvature over boundary surface

q = βtT/βE∂R =
log[dim(B)]

log[dim(A1)dim(A2)]
,

with E∂R = EA1 + EA2 .

! new from tripartition: for 1− 2S/E∂R < q < 1, the curvature
environment mediates the entanglement of the boundary.

E
(island)
N (ρA1A2 ) ∝ 1

2
βE∂R(1− q) =

1

2

[
β(|γA1 |+ |γA2 |)− βt |γB |

]

! EN scales with the area of the cluster boundary with a negative
correction which depends linearly on the number of tags.



Island Regime and Curvature

4rth Recall the role of T :

• for a Riemannian n-manifold M at a point p

Area(∂Bε(p) ⊂M)

Area(∂Bε(0) ⊂ Rn)
= 1− R

6n
ε2 + O(ε3) .

• typicality = large-spins regime ' semiclassical limit: for n = 3, flat
3-ball, we have Area(∂Bε(0)) ' βE∂R(ε)

• in presence of tags, for curved 3-ball in M, we assume

Area(∂Bε(p)) ' βE∂R(ε) + κβtT (ε)

!! we get a suggestive characterisation of the curvature in purely
information theoretic terms

q(ε) ' − R18κε
2



Summary

• Logarithmic negativity can be used to provide a measure of
entanglement for tripartite spin-network states: in the Haar random
case, this can extended to include sums over j .

• At the level of spin network basis states, the quantum correlations
reflect the topology (connectivity) of the graph:

– area scaling behaviour follows, if we disregard intertwiner
entanglement

– intertwiner entanglement is captured by a bulk term (the analogous
of the bulk quantum correction to RT formula in AdS/CFT)

• more that area scaling information get encoded in the negativity
measure: corrections due to the environment can be use to translate
the curvature of the region into information-theoretic terms.



Speculative Summary

Interesting interplay of: Unitarity, Typicality, Monogamy of quantum
entanglement
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<latexit sha1_base64="JWF40CSeyS3xJALLLU2IOoMg3i4=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzRdRlqwiupIJ9QGcYMmnahmaSIckIZShu/BU3LhRx61e4829M21lo64HA4Zx7uTknjBlV2nG+rdzS8srqWn69sLG5tb1j7+41lUgkJg0smJDtECnCKCcNTTUj7VgSFIWMtMLh1cRvPRCpqOD3ehQTP0J9TnsUI22kwD6A18FtyZMDEaS1wK0FlfEJ9LSATmAXnbIzBVwkbkaKIEM9sL+8rsBJRLjGDCnVcZ1Y+ymSmmJGxgUvUSRGeIj6pGMoRxFRfjqNMIbHRunCnpDmcQ2n6u+NFEVKjaLQTEZID9S8NxH/8zqJ7l34KeVxognHs0O9hEETcdIH7FJJsGYjQxCW1PwV4gGSCGvTWsGU4M5HXiTNStk9K7t3p8XqZVZHHhyCI1ACLjgHVXAD6qABMHgEz+AVvFlP1ov1bn3MRnNWtrMP/sD6/AEp7pVc</latexit>

EN (⇢A1A2
) ! 0

<latexit sha1_base64="Xo4o1CRk3duVZ6f7kO5zwIA1aaU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWomzJTRF22iuBKKtoHdIYhk6ZtaCYZkoxQhv6CG3/FjQtF3Lpz59+YtrPQ1gOBwzn3cnNOGDOqtON8W7ml5ZXVtfx6YWNza3vH3t1rKpFITBpYMCHbIVKEUU4ammpG2rEkKAoZaYXDy4nfeiBSUcHv9SgmfoT6nPYoRtpIgV2CV8FNyZMDEaS1wK0FlfEx9LSAd3NiYBedsjMFXCRuRoogQz2wv7yuwElEuMYMKdVxnVj7KZKaYkbGBS9RJEZ4iPqkYyhHEVF+Ok00hkdG6cKekOZxDafq740URUqNotBMRkgP1Lw3Ef/zOonunfsp5XGiCcezQ72EQZN4Ug/sUkmwZiNDEJbU/BXiAZIIa1NiwZTgzkdeJM1K2T0tu7cnxepFVkceHIBDUAIuOANVcA3qoAEweATP4BW8WU/Wi/VufcxGc1a2sw/+wPr8AaO0mwU=</latexit>

EN (⇢A1A2
) ! S(⇢A1A2

)

Left generalized Page curve of the logarithmic negativity

Right Milne spacetime sliced by 3D surfaces with hyperbolic embedding.
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