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Teukolsky-like approach

PERTURBATIONS OF A ROTATING BLACK HOLE. I. FUNDAMENTAL
EQUATIONS FOR GRAVITATIONAL, ELECTROMAGNETIC,
AND NEUTRINO-FIELD PERTURBATIONS*

SAUL A. TEUKOLSKYT
California Institute of Technology, Pasadena
Received 1973 April 12

How does one obtain linearized perturbation equations, say for gravitational
perturbations? A straightforward way is to start with the Einstein equations for a
metric g,,, and to let g,, = g,,* + h,,%, where the superscripts 4 and B denote back-
ground and perturbation quantities, respectively. The field equations are then expanded
to first order in A,,%, yielding a set of linear equations for the perturbations.

Even in the Schwarzschild case, this procedure involves considerable algebraic
complexity.

Fortunately, there is an alternative approach to the problem. This is provided by the
Newman-Penrose (NP) formalism.

To do perturbation theory in this formalism, one specifies the perturbed geometry by
I =14+ I%, n = n* + n? etc. All the NP quantities can then be written in this form:
Yy = Po? + .2, D = D4 + D5, etc. The complete set of perturbation equations is
obtained from the NP equations by keeping B terms only to first order.

The Schwarzschild and Kerr metrics are very similar from the NP point of view.
This similarity allows us, in this paper, to derive decoupled Kerr-metric equations for
08 and .. Moreover, we shall demonstrate the unexpected result that these equa-
tions, like those for Schwarzschlld are separable.

. let’s start from the beginning ...




Theories of gr

General relativity: Einstein’s theory of gravity

O main ingredient — curvature — Riemann tensor R p.q
@ WANTED: metric tensor g,

Einstein’s field equations ziusein. 19161

1 8TG
Ryp — =R gap + Agap = TTab
2 c

¢ geometry = energy and momentum ’
(credit: ligo.org)

Non-linearity: matter — space curvature — matter motion — curvature changed — etc.
Solutions: exact spacetimes X perturbative models X numerical simulations

Successes: Mercury perihelion shift, light bending, cosmology, stellar evolution, GWs

modifications of the theory




Theories ¢

Einstein—Hilbert action and its modifications

55=0
Rab — 3Rgap + Mg = & Ty

S=/[%(R—2A)+LM] Vg B

@ R: the Ricci scalar and Lys: matter contribution
@ A: the cosmological constant and k: theory parameter

Quadratic gravity: extension of the geometric part — quadratic curvature terms
[Weyl, 1919; Bach, 1921; Stelle, 1977; 1978)]
s_/ R—2A) acgbcd+bR2+LM] V—gd*x
@ A, K, a, and b: theory constants

@ Cupeq: Weyl tensor (i.e., the traceless part of the Riemann curvature tensor Rpcq)

o field equations

% (Rab 3Rga» + Agab) —4a By, + 2b (Rab — 3Rew + g0 — VaVb) =3 Tw

« Vacuum solutions to GR solve also QG —  backgrounds for perturbations!




Geometric preliminaries

NP formalism: null frame and scalar quantities

Ingredients of the NP approach [Newman and Penrose, 1962]: l ‘ k
@ null orthonormal frame: \ /
{k.l,m,m} wo k-l=—1, m-m=1 m, /'P

Crucial quantities: projections onto the null frame
@ the Weyl tensor projections
Uy =Copeak®mPkm?  wa Uy, Uy, U5,y
@ the Ricci tensor projections

1
Dgp = ERabkakb and Do1, Pio, P11, Po2, P20, Pr2, P21, P2

Q@ covariant derivative decomposition

akb

K = —kq;pm




Geometric preliminaries

NP formalism: geometric constraints

+ 3 more ...
@ the Ricci identities (correspond to the Riemann tensor nonzero components)
Do—dk=0@Be—€e+p+p +r(@—7=-38—a)+ T
+ 17 more ...
@ the Bianchi identities (the Riemann tensor derivative with cyclic indices exchange)
0=—0Uy+ DV + (4o — m)Ty — 2(2p + €)¥; + 36T,
—D®g1 + 6Pgo + 2 (¢ + p) Po1 +20P19 — 2611 — R
+ (T —2a —28) @go
+ 7 more ...

@ the contracted Bianchi identities
5®0; + 6®19 — D (P11 + %) — Adgy
=RkP1p + kP2 + Qo+ 27 — ) Py + 2a + 27 — 7) Do




Geometric preliminaries

NP formalism: gravity theories

31Ty =722

Toyo =k®o0  3Tom =t 22n-%)  1Toe =i

1 _2 _2 1 _1

i Toye =i®e 1 Tee =¢%e 31 Toye) =k (220 + %)
@ Pyp has to be further combined with the Ricci and Bianchi identities

@ the scalar curvature is R = 4A — g T

Quadratic gravity: (Svarc, Pravdova, Miskovsky 2023]
@ rearranged field equations:

(% + 2bR) Rap — zaRCdCacbd +Zap = % Tap

with

N
E
Il

- (%Rgab = Agab> — 4aB%, —20b (‘l‘Rgab — g0+ VaV;,) R

BZ — wevyd

frame projections




Geometric preliminaries

NP formalism: QG field equations

170y (0) = — 4a [®20%0 + DopTg — 2819 — 28T + oo (¥ + )] +2 (| + 268) Bog + Z(g) 0y
FT)(1) = = 4a [®2 %) + DTy — 2811 (¥g + T3) + Doy T3 + B3] + (§ +208) (2211 — &) +29)())
3 T(oy(2) = — 40 [221%0 — 2211 ¥ + Rp T + Bp (¥ — 203) + P ¥3] + 2 (R + 25’?) Po1 + Z(0)(2)
FTay(1) = — 40 (@2 (¥p + F3) — 281303 — 28y T3 + Dop Wy + PogTy) +2 (| + 20K) By +2(1) (1)
1Ty ) = — 40 [20T) + 1p(—205 + Ty) + By T3 — 281 T3 + BTy +2 (| +208) 21+ Z(1) (2

3 Ty(2) = — 4a [20%g — 20120 + R (¥p + Fy) — 2001 T3 + BooTa] +2 (| + 20R) B0z + Z(2)(2)

3 TRy3) = — 40 [@1 %) + @pT) — 281 (Vg + Fy) + B 3 + B T3] + (| +268) (221 + &) + 2055y

This system gives algebraic constraints on the Ricci tensor ®4p !

@ T(4)(») are components of the energy-momentum tensor 7,

@ P,p has to be thus combined with the Ricci and Bianchi identities
o the GR caseis givenbya =0 =10

O the scalar curvature is more complicated

namely:




Geometric preliminaries

NP formalism: QG field equations

0)(0) =~ *%%(0)(0)
= — 4aB%, Lo e Y —p—f

20y (1) 4aBloy (1) + 2k(R 2 )+2(’[4 (v +75 — » — R)DR

—(p+§)AR+ADR+(a—B+-F)6R—63R+(&—B+1—)5R—56R}

Zioy(2) = — 4uB%0)(2) 4+ 206 [#DR — DSR — kAR + (e — &)6R]

Zayay = — 4aB%l)(l) 426 [— (v + )AR — AAR + voR + D5R]
Z(1y(2) = — 4aB{;y(2) + 20 [DR — TAR — ASR + (v — 7)3R]
Z(3)(2) = — 4aBy)(2) + 20 [ADR — s AR+ (=& + B)SR — §6R]
Z0)@3) = — 4By 3) ~ i(R —24) +26] — ERZ + (v +7 — ADR

—DAR+(p757E)AR—ADR+(7a+5+7r71’-)6R+(7’r7ﬂ-)5R+36R]

(4] B%c) ) represents projections of the Ricci-independent part of the Bach tensor

B%, = VVCoopa

very long calculation
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Bl ) =AMV, — ASW, — SAW, + 55%;

By o) =00Wo — D3W, — 6DW, + DDWy + ADWq + 7AW, + (27 — Ta — F)5W, — WAV + (4t — 3y +7)AY, + BvsW — PEY,
+ (5o + B — 3m)DWy — RAW, — 56, + (3¢ + € + Tp)dw, +PDWy + (57 — & — B)AW, + (7 — F — 50wy + AdW,
— (€ + &+ 6p)DWy + kG — 5k0Ws + 4KDWy ~ ADWs — 30AW; + (a + 38 — 47)5W3 + 20860,
+ WolRv + da(3a + B) — (e + &+ 3p)A + m(m — Ta — B) + (i — 47) + DA — 4da + 7] + Wolw(5y =5 = 3u) + Ap — Av|

+ 203 (26X + Ry — ) + p(57 — 9o — 2B) + (8 + 27) + €(27 — 4a — B) + &(7 — a) + 20 p(@ = A7)+ vla —m) = Mt (v = )y =5 = 20) = Ay + Ap+ 3]
4 Do~ Dr + de + 23] +BWalp(d7 — 6 = §) + Am — Dp+ 200 +7(7 =) + AT~ oy]
43Ul + § — 37) — Rr + ple -+ £+ 3p) — 0 — Dp— ] o+ 2Ualud a5+ ) + 727 = 6 = 35) + @+ 5) + Np =)~ g +65 = 7]
+Wy[~kX +a(a+58 - 37) + o]
+2Ws[k(e — & — 5p) + Fo + Dr] + 204k% + cc. DV + AGT + SD — 53
— 2XAW, — 2000, + 20D, + (37 + 7)AWs + (5 — ¥ + 37)8 T, + 3A3V,
+y —smnmﬂn p—20)AT; + (o — 35+ 7)60 — (26 + 47 + )30
FAD, + (48+ p— p)3Ty

Bffy ) =5AW, — DAV, — 551 + Doy — AAWg — il

+ 20D + (27 — o+ B)AW) + A0W + (24 — ji — 29)00, +2WpA5 + 20 [A(y 3f1) + #(2a — 27 — 1) — A)]
+ (7= 3u)DWa + (2p — € = )AVs + (o —  — 2m)6W + (7 + 37)5W, + 30N~ 7 - )+ 7(30 =7 +9) + 5o = 2p) + fir + A7+ 5]
+ (28— 7 — 27)DWy — KAy + (¢ + & — 2p)0W5 — 200U + oDy + KOV, + 25287 + P03 +2) +7(7 = §) + (@ +27) (0~ 35 +7)
+ Wo[Ady — p+ 2) + v(a — B — 2m) — 6v] B —Aé+Ap-da ~ ~

—A(B+7+27) + p(B — a+2m) + fila — ) + e+ 2) + WalRly =7 = 3) + p(45 = 7) + pla =35+ 7) + €35 7 — o) — o7

— AR+ 43¢ 53]

+8Uslkv + pu(2p — € — &) — fip + 7F + Ao + T(27 — a+ B) — D + 67 Bl =AM, — ASY, — SAW, + 55,
+2Ws k(7 — 2 — ) +e(B — 7 —7) + (B — ) + p(F — 26 +27) + o(a— f — 2m) + (2= Ty + ) A + v - 75

DU, + (77— + 3B)AV, + (57 — 5 — 3)6¥; + A5,
~ ADW; — 50 AW + (G — § — 67)0%; + dodWy
+ Wolplp = Ty +5) + v(@ — 8 - 37) + B(da — 7) + 4y(3y
— 487+ A+ 0]
+ 203200 — Dle +2p) + A(m — ) + (7 = 29)(8+27) + (4 — ) (57 — 6 +28)
+ OB+ 287 + 6y — o)

+DB —Dr —do]
+Wy[R(48 — 7 — 7) + a(e + &~ 2p) + Do + c.c.

B2y =5AW, — DAY, — 3%, + Dows +3Wglki + Ap+ 0 (3y = F - 3u) + 7(37 — G + 8) - Ao — b7]
. = — KA (& + 8 — 57) ol 2
Do + (7 — 3a + B) AW + (1 — ji — 49)5 Wy +2Wsl-kA + (3 -+ § = 57) + bo] + 2040
. L S _ 4 DD, — Dby — 5Dy + 650,
+ (29 2+ DL + (= T4 3PAL + (Ba - f = w3y + (26 + 7 +47)50 4300, + 5ADWs + 0ATs + (@ - § 4 67)5T
(74 37)DWy — AWy — (€ — ¢+ 3p)0y — 3o + 20DV + 25V (8- 3 - TRIDW — KA + (e — 56 + 30 — o

+ Wo[(dy — p)(Ba = B — ) + fida — ) + v — € = 3p) = N& + D — 48 + 5] 4 (Te— €~ 2p)D 504+
+ 20 (260 + (1= )(€ — €+ 3p) — i(2p + €) + (B + 27) (7 — Ba + B) + 7(x — a) + 200N + 204 (NG + 8 - 57) — o - 53]
+ 3y [kp + A €= 3p) + fio + 7(& — 5+ 3%) + DA + 67]

+ Dy — D+ 66 + 287]
+ 3Wa[k(ji — 21) + 7p + 0(3a — § — ) + 7(€ — €+ 3p) — D7 — do]
+ 2W3(K(28 — 7 — 27) + 0 (€ — € — Bp) + Do + 2Wsno

(
+ 7]
~38) + (5~ ) (e ~ 3+ ) - 07

—8)(26 — B+ 57) + (e - 26) (27 + &)

+06W, — dDWy — DoWy + DDy +4Dé ~ Dj — 65|
— 2000 + 3ADW, + o AW, + (47 — 3 — B)50; B ~AAT - AU - SAW; + 550,
+ («’\ +8- OW)D‘I’z = KAV + (e = €+ 5p)3W; — oy AVAW, (347 A, + 5l — 3y
& + DU + (37 — 6 — 58)AW; — (3y + 7+ Tu)dWs + A6y
+ Wo[A(5a + 8 — 37) — v — 8] — ADW; — oA + (@ + 70 - 2r)60,
+ 20y (k7 + (@ + B) + 7(27 — 3a — 8) — M4p + €) + o(ji — 5) + DA — da + 67] +2Wor? + 20 [y = 7 = 5p) + A7 — Av]

+ Bl + 7+ 3p1) + (@ + 38— 37) — M= m + Ap+ 50
+2s[le — p) + Ao +27) + (27 — @ — 48) + (7 — ) + pu(57 — 26— 95) + 2w
~ 8B+ AT - 8y - 20
W[50+ Mp — ) — oy + 7+ 3p) + 45(36 + ) + 7(7 — &~ TH)
~ Ao + 456 — b7) + .

— Kji + (e — €) + p(4% — & — B) + oF — D7 + 6p]
+2Wy(k(B — 7) + K(B — A7) — 05 + (p— €)(€ — € + 2p) + Dé — Dp — 6%)
3y




Geometric preliminaries

Kerr geometry

Spacetime metric: (Boyer, Lindguist 1967]

A 2 B in 0 2
df = (dt — asin? 0d¢>) + S dr? £ 267 + % ((r2 +a¥)dp — adt)
where
A =712 —2Mr+d® Y =12 +d?cos’ 0 o =r—iacosf
Kinnersley tetrad: adapted to the Weyl structure
k= \/EIA [(r2+a2) 8:+A3r+aa¢]

1= o= [(P+d) 8 — 26, +ady]

m = ﬁé(iasinaa,—i-ag +icsc08¢,)

Q9 vacuum: <I)()() = <I>()1 = <I)10 = (I:‘n = <I)02 = @20 = <I>12 E @21 = <I>22 =0=R

This will be background for perturbations in QG.




Linear perturbations of the Kerr spacetime

Teukolsky-like approach: motivation
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How does one obtain linearized perturbation equations, say for gravitational
perturbations? A straightforward way is to start with the Einstein equations for a
metric g, and to let g,, = g,,* + h,,", where the superscripts 4 and B denote back-
ground and perturbation quantities, respectively. The field equations are then expanded
to first order in A,,”, yielding a set of linear equations for the perturbations.

Even in the Schwarzschild case, this procedure involves considerable algebraic
complexity.

Fortunately, there is an alternative approach to the problem. This is provided by the
Newman-Penrose (NP) formalism.

To do perturbation theory in this formalism, one specifies the perturbed geometry by
I =14+ I% n = n* + n® etc. All the NP quantities can then be written in this form:

Po = Pt + nﬁ," D=D4 + D?, etc. The complete set of perturbation equations is
obtained from the NP equations by keeping B terms only to first order.

The Schwarzschild and Kerr metrics are very similar from the NP point of view.
This similarity allows us, in this paper, to derive decoupled Kerr-metric equations for
#o® and ¢,". Moreover, we shall demonstrate the unexpected result that these equa-
tions, like those for Schwarzschild, are separable.

. we follow this procedure in quadratic gravity



Linear perturbations of the Kerr spacetime

Teukolsky-like approach in quadratic gravity

Linearity: the terms ©( are kept only to the first order

Field equations:

“Toy0y = — 4a oo (Va2 + T2) + £ “Poo + “Z(0) (o)
“Toyy = +8a°@n (Vs + ¥y) + ¢ (25‘:1)11 = %) + “Zwoy)
Ty = — 4a D0 (U7 — 203) + 2 “®o1 + “Z()(2)

Ty = — 4a @ (Vs + 0y) + 2“0y + “Z()(1)
Ty = —4a"@n(=2% + B2) + £ "2 + “Zyy()
Ty = — 4a°@u (Vs + U)) + 2 @ + “Zp)(2)

L N N N N N N

“Tayz) = +8a°® (Vs + ¥y) + ¢ (25‘1>11 + %) + “Zw)3)

— coupled system for €®P4p




Linear perturbations of the Kerr spacetime

Teukolsky-like approach in quadratic gravity

Trace equation:
TKET = (6bk0 — 1) °R

Field equations: combined with the geometric identities

K ET(O)(O) E E‘-p()o — ZQKEB(O)(O) — bkDD R
ET(O)(I) = E@u — 2akEB(O)(1) - %bk(DA + 55 - ,U,D—|—ﬁA — 70 — 25&3) ‘R

“Taoy2) = “Po1 — 20k “B(oy2) — bk(D6 — D) °R

3

k

1

k

4

4K ET(I)(I) = dy — ZQKEB“)(]) = bk(AA + (v + W)A) °R
K <Tiy@) = “®p — 20k “B(iya) — bk(64 + 7A — ud) R
k
1

“Tay) = “Poz — 20k Bz ) — bk (86 — (8 — @)3) °R

... where “B(4) () encodes the linear contribution of the Bach tensor ...




Linear perturbations of the Ke:

Teukolsky-like approach in quadratic gravity

— 4 (7D — 56 +2p)® B — 4 (7D — pd +2pa&)° Bg; + 8pp° Py
€ 1= £ ! 5 = ~5\E
BO)(1) =0%& — Uy @ — o (DA + 65 — uD + pA — w8 — 2a8)° R

2 B + 2 (TA — 18 + 2ap — 2y7) S Bgp + 207 By — 2 (7D — 56 — 26p)° By + 2807
+2(7A = a8 + 20 — 297) By + 277" By — 2(7D — pd + 2pa — 28p)° By
“B(oy(2) = B @01 + (& — Up1) g1 — é(Dé — FD)ER + 2 (RA — [i6 — 2y — 297 + 27)E B¢
+ 477 B0 — 4 (7D = p8)€ By =2 (7D = pS + 2ex — F)p)T By + 4 @120P
“Bayry = 0%0n — (0 + 3 + Up) 0y = (A8 + (v + 1A)
+8uE D) + 4 (wA — pd — 2uB + 277)C Bpp + 4 (RA — TS — 280 + 277)E By
“By) = 0@ — (S +Up)¥ 2 — é(m + 78— (v - M8)°R
+4pa€ ey +4(FA — 36)° @y +2(vA — ud — 27 (v — ) + 2u(a — ) 2

—2(7D — pb — 2p7)E @oy + 4TRED Yy

1
“Boy(2) = O g + (O — & — Up)® oy — g(55 +(a—B)6)°R

... where ¢ = 4yD — 4a§ — 435 and Uyp are functions of the background

System of equations for the linear perturbations ®, of the Kerr spacetime in QG!




Conclusions

What have we done?

@ the NP form of the field equations was derived

9 the suitable procedure how to combine them with the geometric identities was proposed
(this is based on the linearity of the Ricci tensor in the field equations)

@ it was applied to derive constraints on fully general linear perturbations of the Kerr
geometry in terms of the Ricci tensor components € ®P,p

o for particular simple examples see poster by Simon Knoska

‘We have a nice toy now, so let’s play with it!

Let’s unlock quadratic gravity through computation of perturbations!

This talk is based on:

@ Newman—Penrose formalism in quadratic gravity
Svarc R, Pravdové A, and Miskovsky D, Phys. Rev. D 107 024036 (2023)
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What have we done?

@ the NP form of the field equations was derived

9 the suitable procedure how to combine them with the geometric identities was proposed
(this is based on the linearity of the Ricci tensor in the field equations)

@ it was applied to derive constraints on fully general linear perturbations of the Kerr
geometry in terms of the Ricci tensor components € ®P,p

o for particular simple examples see poster by Simon Knoska

‘We have a nice toy now, so let’s play with it!

Let’s unlock quadratic gravity through computation of perturbations!

This talk is based on:

@ Newman—Penrose formalism in quadratic gravity
Svarc R, Pravdové A, and Miskovsky D, Phys. Rev. D 107 024036 (2023)

Thank you for your attention!
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