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Background: black hole and pulsar

• Black holes (BHs) are the most compact objects in 

the universe

• Hard to observe directly
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© NASA

© EHT

• Pulsars are stably rotating neutron stars

• High density & strong gravitational/magnetic field

• Rich observational effects 



© EHT

© NASA

© Poisson & Will

• Key science project of SKA 

• Pulsar-SMBH system in our Galactic Center (GC) 
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Background: pulsar timing

© SKAO

ISM

© Miao

• Pulsar timing: record and predict 

time of arrivals (TOAs) of pulses
Damour & Taylor, 1992 



• Pulsar timing model:

• 𝑁 𝑇 = 𝑁0 + 𝜈𝑇 +
1

2
ሶ𝜈𝑇2 +⋯

• 𝑡TOA = 𝑇 + ΔE + ΔR + ΔS
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Timing model

Hu et al., 2023 

Einstein delay: coordinate transformation

Römer delay: z/𝑐

Shapiro delay: curved spacetime

orbital motion + light propagation

Damour & Deruelle, 1986 



• Analytic model: Damour & Deruelle, 1986; Wex & 

Kopeikin, 1999;Liu et al., 2012; Psaltis et al., 2016

• Fully GR model: Zhang & Saha, 2017

• Numerical model based on post-Newtonian 

(PN) equation of motion:

• ሷ𝒓 = ሷ𝒓N + ሷ𝒓1PN + ሷ𝒓SO + ሷ𝒓Q +⋯
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Hu et al., 2023 

Timing model: orbital motion



Hu et al., 2023 

• Emitter-observer problem

• ΔR = 𝑧/𝑐

• ΔS = −
2𝐺𝑀

𝑐3
ln 𝑟 − 𝑧 +⋯

• 2PN correction, frame dragging effect…

• Inverse timing model: 𝑡TOA → 𝑁 Θ; 𝑡TOA

• Efficient approach: d𝑡TOA/d𝑡
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Timing model: light propagation and inverse



• Time span: 𝑇𝑜𝑏𝑠 = 5 yr

• Weekly observation: 𝑁TOA = 260

• Timing precision: 𝜎TOA = 1ms

• Orbital period: 𝑃𝑏 = 0.5 yr

• ℒ = −
1

2𝜈2
σ
𝑖=1
𝑁TOA 𝑁𝑖 Θ −𝑁𝑖 ഥΘ

2

𝜎T𝑂𝐴
2
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Measuring the BH properties

Hu et al., 2023 

Tests of cosmic censorship conjecture 

and no hair theorem!



• Dark matter distribution around SMBH

• Spike vs core?

• ሷ𝒓 = ሷ𝒓N + ሷ𝒓1PN + ሷ𝒓SO + ሷ𝒓Q + ሷ𝒓DM
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Measuring the small-scale dark matter distribution

Hu et al., 2023 



• The bumblebee gravity model

• 𝑆 = d4𝑥׬ −𝑔
1

2𝜅
𝑅 +

𝜉

2𝜅
𝐵𝜇𝐵𝜈𝑅𝜇𝜈 −

1

4
𝐵𝜇𝜈𝐵𝜇𝜈 − 𝑉 + 𝑆𝑚

• 𝐵𝜇𝜈 = 𝐷𝜇𝐵𝜈 − 𝐷𝜈𝐵𝜇

• ฬ
d𝑉

d(𝐵𝜆𝐵𝜆) 𝐵𝜇=𝑏𝜇

: numerical static spherical solution
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Beyond GR: Bumblebee gravity

Xu et al., 2023



•
d𝑟

d𝑡

2
= 𝑒2𝜈−2𝜇 1 −

𝑙2

𝜖2
𝑒2𝜈

𝑟2
−

𝑒2𝜈

𝜖2

•
d𝜙

d𝑡
=

𝑙

𝜖

𝑒2𝜈

𝑟2
,
d𝑇

d𝑡
=

1

𝜖
𝑒2𝜈

• Full emitter-observer problem

• Leading order model in 𝑄/𝑀
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Beyond GR: Bumblebee gravity

Hu et al., 2024 



• For 𝜉/𝜅~1

• Current EHT observation: 𝑄/𝑀 ≲ 1

• Future pulsar-SMBH observation: 𝑄/𝑀 ≲ 10−2

• Future EMRI observation: 𝑄/𝑀 ≲ 10−3
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Beyond GR: Bumblebee gravity

Hu et al., 2024 



• Pulsars orbiting around SMBH are powerful tool for testing gravity

• We build a extensible numerical timing model for pulsar-SMBH system

• Future discovery and timing observation of GC pulsars orbiting around 

Sgr A* can provide various high-precision tests and measurements of 

gravity theory and GC environment
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Conclusion

Thank you!
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