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We want to compute observables for 
this motion analytically.
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Self Force



Self Force

Self Force means 
expansion in the 

mass ratio.



Analytical Self Force
We have to solve analytically the Teukolsky equation for generic spin

and the procedure is very well known. 

1) Solve the mode decomposed homogeneous solutions in the Fourier domain;

2) Convolve the homogeneous solutions with the source;

3) Return to the time domain;

4) Sum over the modes and regularize.

s𝒪sψ = sT



and the procedure is very well known. 

s𝒪sψ = sT

The analytical solutions always relies on some kind of additional 
expansions: Post-Minkowskian (PM) and/or Post-Newtonian (PN).

PM means large impact parameter  

PN means small 

b
v/c

We have to solve analytically the Teukolsky equation for generic spin

Analytical Self Force



(Analytical) Scalar Self Force

 scalar fields = 0

 gravitational perturbation|s | = 2

We have to solve analytically the Teukolsky equation 

s𝒪sψ = sT



0𝒪0ψ = 0T

□ ψ = 4πρ

We have to solve analytically the Teukolsky equation

(Analytical) Scalar Self Force



We have to solve analytically the Teukolsky equation

0𝒪0ψ = 0T

□ ψ = 4πρ

Information 
about the orbit

(Analytical) Scalar Self Force

Information about the 
background geometry



Forces, Fluxes and Scattering angle
We define the components of the force as

Fα =
q
μ

Pα
β ∇β0ψ

^ is for background 
quantities

The presence of a force modifies the energy, the angular momentum of the 
scattered body. Because of this, it also changes the scattering angle

E(τ) = E− + ∫
τ

−∞
dτ Ft = E− + δE0 + δE(τ) L(τ) = L− + ∫

τ

−∞
dτ Fϕ = L− + δL0 + δL(τ)

χ = ̂χ+δ ̂χ + δχ̃ = ̂χ+
∂ ̂χ

∂E−
δE0 +

∂ ̂χ
∂L−

δL0 + ∑
±

∫
∞

̂rmin

dr ( dδϕ
dr )

±
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We need 
Teukolsky Eq for 

s=0!



Solving Teukolsky Equation

1) Solve the mode decomposed homogeneous solutions in the Fourier domain;


2) Convolve the homogeneous solutions with the source;


3) Return to the time domain;


4) Sum over the modes and regularize.



We have four different (physical) boundary condition that we could impose

Images and text taken from A. Pound, B. Wardell “Black hole perturbation theory and gravitational self-force”

1) Homogeneous Solutions
0𝒪0ψ = 0T



Images and text taken from A. Pound, B. Wardell “Black hole perturbation theory and gravitational self-force”

1) Homogeneous Solutions
 has no outcoming wave from past 


horizon, while  has no incoming wave at past infinity. 

Rin

lmω(r)
Rup

lmω(r)



The solution obtained with MST approach takes the form

Rin = Rν
0 + R−1−ν

0

Rν
0 = eiϵκx(−x)−s−(i/2)(ϵ+τ)(1 − x)(i/2)(ϵ+τ)+ν

∞

∑
n=−∞

f ν
n

Γ(1 − s − iϵ − iτ)Γ(2n + 2ν + 1)
Γ(n + ν + 1 − iτ)Γ(n + ν + 1 − s − iϵ)

× (1 − x)nF (−n − ν − iτ, − n − ν − s − iϵ; − 2n − 2ν;
1

1 − x )
Rup = 2νe−πϵe−iπ(ν+1+s)ei ̂z ̂zν+iϵ+( ̂z − ϵκ)−s−iϵ+

∞

∑
n=−∞

in (ν + 1 + s − iϵ)n

(ν + 1 − s + iϵ)n
f ν
n(2 ̂z)n

× Ψ(n + ν + 1 + s − iϵ,2n + 2ν + 2; − 2i ̂z)

1) Homogeneous Solutions



However, we don’t need the full expressions and we can use the PN 
expanded solutions

Rl=2
in (r) =

Rl=2
up (r) =

1) Homogeneous Solutions
η = 1/c



2) Inhomogeneous Solution
We construct the Green function

sGlmω(r, r′￼) =
1

r2f(r)Wlmω
{sRlmω

in (r)sRlmω
up (r′￼)H(r′￼− r) + sRlmω

in (r′￼)sRlmω
up (r)H(r − r′￼)}

sψℓm(r) = ∫ dr′￼∫
∞

−∞
dω sGℓmω(r, r′￼)∫

∞

−∞
dt′￼eiω(t′￼−t)

sTℓm(t′￼, r′￼),

Then the inhomogeneous equation can be formally written as



3) Time domain solution

This means performing these three integrals!

sψℓm(r) = ∫ dr′￼∫
∞

−∞
dω sGℓmω(r, r′￼)∫

∞

−∞
dt′￼eiω(t′￼−t)

sTℓm(t′￼, r′￼),



3) Time domain solution
In the bound case we have specific frequencies, hence the integration 
is trivial. In the unbound we have to perform the integrations explicitly!

We rewrite the PN-expanded Green function as



3) Time domain solution

Glmω(r, r′￼) =
∞

∑
j=0

∞

∑
k=0

G( j,k)
lm (r, r′￼)ω j logk(−iω)

=
∞

∑
j=0 {G( j,0)

lm (r, r′￼)ω j +
∞

∑
k=1

G( j,k)
lm (r, r′￼)ω j logk(−iω)}

= Gloc
lm (r, r′￼) + Gnon−loc

lm (r, r′￼)

In the bound case we have specific frequencies, hence the integration 
is trivial. In the unbound we have to perform the integrations explicitly!

We rewrite the PN-expanded Green function as



3) Time domain solution: local terms

sψL
ℓm =

q
b ∑

j

ijvj ∂ j

∂t̄j ∫ dr̄′￼sG
( j,0)
ℓm (r̄, r̄′￼)sTℓm(t̄, t̄′￼)

The local terms are straightforward

The bar is used for (rescaled) adimensional quantities



The non-local terms required great care and we will discuss only 
k = 1

We define  have y = t̄′￼− t̄

sψNL
ℓm = q∑

j

vj

2π ∫ dr̄′￼G( j,1)
ℓm (r̄, r̄′￼)∫

∞

−∞
dysTℓm(t̄ + y, r̄′￼)∫

∞

−∞
dω̄ ω̄ j log(−iω̄)eiω̄y

There are multiple ways for actually doing the integral, but the infrared 
divergence for   must be suitably regularized.1

ω−
ω → 0

1. This divergence was already identified in the paper by C. Whittall and L. Barack via numerical methods.

The bar is used for adimensional quantities

3) Time domain solution: non-local terms



sψNL
lm = −

q
b

lim
ϵ→0 ∑

j≥0

ijvj ∫ dr̄′￼{(γE + log ϵ) dj

dt̄j [G( j,1)
lm (r̄, r̄′￼)sTlm(t̄, r̄′￼)]

+∫
+∞

ϵ

dy
y

dj

dt̄′￼

j [G( j,1)
lm (r̄, r̄′￼)sTlm(t̄′￼, r̄′￼)]

t̄′￼=t̄−y
}

By using dimensional regularisation we are able to regularize 
the integrals and we get

The bar is used for adimensional quantities

3) Time domain solution: non-local terms

PolyLog structure comes from here!



This step uses standard procedure for summation of spherical 
harmonics.

4) Summation over  and 
regularisation at particle position

(l, m)

We used  from MST and  by using a PN ansatz.l = 0...4 l > 4

ψreg(t) = ∑
l

{∑
m

(ψL
lm(t, r) + ψNL

lm (t, r)) Ylm (θ, ϕ)
(r,θ,ϕ)→(r(t),π/2,ϕ(t))

− B(t)}



Results

Fcons
α (r) =

1
2

[Fα(r) − Fα(r)] Fdiss
α (r) =

1
2

[Fα(r) + Fα(r)]

where we just need .α = t, ϕ

We firstly need the forces, that can be split in conservative and dissipative

We solved the problem up to 5PM-4.5PN.



Dissipative Scattering Angle
δχdiss

1PM = δχdiss
2PM = 0,

δχdiss
4PM =

πεM4

b4v5 [ 1
2

+
10v2

3
+

89v4

48
+

53v6

80
+ O(v7)],

δχdiss
3PM =

εM3

b3v3 [ 2
3

+
5v2

3
+

19v4

12
+

25v6

24
+ O(v7)]

δχdiss
5PM =

4εM5

3b5v7
1 + ( 91

6
+

3π2

4 ) v2 − 4v3 + ( 1357
120

+
39π2

32 ) v4 −
14v5

15
+ ( 16103

560
−

45π2

16 ) v6 + O(v7)

ε = q2/μM



Conservative Scattering Angle
δχcons

2PM = −
πεM2

4b2

δχcons
3PM = −

εM3

b3v2 [4 +
2v2

3
+

5v4

6
+ O(v5)]

δχcons
4PM = −

πεM4

b4v4 { 9
4

+ v2 [ 91
24

+
21π2

128
+ log(v/2)]

+v4 [ 493
480

+
4335π2

8192
−

3 log(b/M)
2

+ 2 log( v
2 )] + O(v5)}

δχcons
5PM = −

16εM5

3b5v6 {1 + v2 [ 47
6

+
21π2

64
+ 2 log(2v)]

−v4[ 797
72

−
205π2

128
−

43 log(2)
3

+ 4 log( b
M ) −

19 log(v)
3 ] +

19v5

15
+ O(v6)}

ε = q2/μM



Conclusion
•   Our results are the first attempts to systematically address analytically the 
scattering problem in Self Force;


•  We are now computing fluxes in the gravitational scattering, but pushing the 
PN expansion means performing the integrals of  with ;


• The local gravitational flux at infinity reproduces results from PN literature;


• 5 and higher PM are not complete because we lack the 2SF contributions;


logk(−iω) k > 1
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Thanks for the attention!

Questions?

If you are interested, more details can be found in our 
paper!



Backup



Results
c1 =

1
6

c2(μ) = −
11
6

− 4γ − 2log(2M2μ2)

Thanks to Oliver Long we were able to test our results against the numerics.

 agrees with numerical fits but  is rather different, but the fit is 
quite unstable.

c1 c2(μ)



Analytics vs Numerics
We compared his numerical results for  and our analytical expressions.v = 0.2

We compared both the dissipative and conservative scattering angle, 
and then we compared the residue, defined as

χres = |χanalytical − χnumerical |

at both 4PM and 5PM!



Dissipative Sector
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Dissipative Sector

We could go beyond 
5PM!!
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Conservative Sector
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Conservative Sector
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5PM is already hitting the 
numerical precision!
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Comparisons with literature

The conservative sector is trickier because it contains two 
undetermined parameters, i.e. Wilson coefficients, at 4PM, from [15].

Dissipative sector compared against Barack et al. [15] up to 
4PM + Jones and Ruf [18] for the horizon flux at 3PM.



Results
c1 =

1
6

c2(μ) = −
11
6

− 4γ − 2log(2M2μ2)

 agrees with numerical fits but  is rather different, but the fit is 
quite unstable.

c1 c2(μ)

However…



Comparisons with numerics
Our values of  and  were recently used in c1 c2(μ̄)

To construct a Post-Minkowskian resummation of the conservative scattering 
angle to compare against the numerics, showing the validity of our results. 


