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Jay Jorgenson, Lejla Smajlović, Polyxeni Spilioti Determinants of weighted Laplacians



Regularized determinants
Main results

Ideas of proofs

1 Regularized determinants

2 Main results

3 Ideas of proofs
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Determinant of a linear operator

Let A : V → V be a linear operator on finite-dimensional vector spaces of
dimension N. If its matrix A is symmetric, it has real eigenvalues λ1, . . . , λN

det(A) = det(A) =
N∏
j=1

λj .

det∗(A) = det(A) =
∏
λj ̸=0

λj .

What if A is an unbounded linear operator on infinite dimensional vector space?

Assume A is self-adjoint, unbounded operator on a Hilbert space.

If the spectrum of A is discrete, then λ0 ≤ λ1 ≤ . . . → ∞.

Can we give a meaning to

det∗(A) =
∏
λj ̸=0

λj?
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Regularized determinant - discrete spectrum

If the sequence λ0 ≤ λ1 ≤ . . . → ∞ grows sufficiently fast, for Re(s) ≫ 0 define
(formally) the spectral zeta function

ζA(s) = tr(A−s) =
∑
j

∗ 1

λs
j

.

”Make sense” of ζA(s) and its derivative at s = 0 (analytic continuation to
s = 0).Formally

ζ ′A(s)|s=0 =

−
∑
j

∗ log λj

λs
j

∣∣∣∣∣∣
s=0

Therefore (again, formally)

det∗(A) = exp(−ζ ′A(0)) =
∏
j

∗
λj .
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Amusing example: ∞!

Assume λj = j , for j ≥ 0. Then, the spectral zeta function is

ζ(s) =
∞∑
n=1

1

ns
.

The product of eigenvalues is

”∞! =
∏
n≥1

n.”

The well-known formula stemming from the meromorphic continuation of the
Riemann zeta function and its functional equation:

ζ ′(0) = − log
√
2π,

hence
”∞! = e log

√
2π =

√
2π.”
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Determinant of Laplacian on a flat torus

Let T = R2\(Z⊕ τZ), τ2 =Im(τ) > 0 be a flat two-dimensional torus

The Laplacian is

∆T = ∆T (τ) :=
∂2

∂x2
+

∂2

∂y2
.

Eigenfunctions are exponentials exp(2πi(nx +my/τ2)), m, n ∈ Z and non-zero
eigenvalues are

λm,n(τ) :=
4π2

τ2
|m + nτ |2, (m, n) ̸= (0, 0).

Spectral zeta function:

ζ∆T
= (4π2)−s

∑
(m,n) ̸=(0,0)

τ s2
|m + nτ |2s

= (4π2)−sE∞(τ, s)
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Determinant of Laplacian on a flat torus, cont’

E∞(τ, s) =
∑

γ∈Γ∞\PSL(2,Z)

(Imγτ)s

the Eisenstein series associated to the modular group PSL(2,Z).

Therefore - the spectral zeta function is modular

Using the functional equation

E∞(τ, 1− s) =
ξ(2s − 1)

ξ(2s)
E∞(τ, s)

combined with the Laurent series expansion of E∞(τ, s) at s = 1 we get

det∆T (τ) = 2πτ
1/2
2 |η(τ)|2,

where

η(τ) = e iπτ/12
∞∏
n=1

(1− e2πinτ )

is the Dedekind eta function.
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Why study det∆?

It depends on whatever moduli parameters are associated to ∆

Hence, it encodes geometric invariants of the manifold, linking eigenvalues of
the Laplacian to curvature and topology.

It helps classify manifolds (analytic torsion)

In physics (Polyakov’s formulation of string theory) they appear in the path
integrals, string partition function and gauge fixing.

Regularized determinant det(∆): a special value of a zeta function.

Promising means by which one could study modular forms using spectral data.

det∆ is related to other zeta functions connecting spectral data with geometry
and arithmetics.
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Basic notation
Asymptotic behavior of determinants of Laplacians as volX → ∞
Main result

Fuchsian groups

Γ < SL2(R) a discrete subgroup acting totally discontinuously on the upper half
plane, such that −I2 ∈ Γ

Γ projection of Γ into PSL(2,R)

X = Γ\H, compact of genus g > 1

The volume of X is
vol(X ) = 2π(2g − 2).
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Unitary multiplier systems

Unitary multiplier system χ of dimension m and admissible weight 2k is a map
from Γ to the ring U(V ) of unitary endomorphisms of an m-dimensional
Hermitian vector space V , which satisfies the following properties:

χ(−I2) = e−2πik IV ,

For γ, η in Γ, we have that

χ(γη) = σ2k(γ, η)χ(γ)χ(η),

where σ2k is a weight 2k factor system, meaning that for

η =

(
η1 η2
η3 η4

)
, γ =

(
γ1 γ2
γ3 γ4

)
, γη =

(
δ1 δ2
δ3 δ4

)
.

we have that
σ2k(γ, η) = exp(2πikw(γ, η))

where

w(γ, η) = arg(γ3ηz + γ4) + arg(η3z + η4)− arg(δ3z + δ4) ∈ {−1, 0, 1}

is independent of z .
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Unitary multiplier systems cont’

The weight 2k is admissible if there exists a multiplier system with weight 2k.

The admissible values of k are the real numbers which lie in the set

Am(Γ) :=
1

m

2π

vol(X )
Z =

Z
2m(g − 1)

.

Trivially, for any a ∈ Z, a
m(g−1) is an admissible weight for a unitary multiplier

system of dimension m.
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Weighted Laplacian

The weight 2k Maass-Laplacian is defined as

∆2k = −y2

(
∂2

∂x2
+

∂2

∂y2

)
+ 2kiy

∂

∂x
.

∆2k acts on the space of twice continuously differentiable functions f : H → V
that satisfy the transformation property

f (γz) = exp(2ik arg(cz + d))χ(γ)f (z) for all γ =

(
∗ ∗
c d

)
∈ Γ.

We identify ∆2k with its self-adjoint extension to the Hermitian space of all L2

functions on F satisfying the above transformation property.

Spectrum of ∆2k : discrete with eigenvalues

λ0 = |k|(1− |k|) ≤ λ1 ≤ · · · ≤ λj = sj(1− sj) ≤ · · · → +∞
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Weighted Laplacian - small detour

λ0 = 0 iff k ∈ {−1, 0, 1}.

Case k = 0 classical Laplacian.

Case k = ±1: the subspace of L2 with the eigenvalue 0 is isomorphic to the
Hilbert space of classical cusp forms of weight 2

One can move between even weight subspaces using rasing and lowering
operators (Fay); very useful for the study of automorphic forms.
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One can move between even weight subspaces using rasing and lowering
operators (Fay); very useful for the study of automorphic forms.
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The Selberg zeta function

The twisted Selberg zeta function is defined for Re(s) > 1 by

Z (s;χ) =
∏
P0,

tr(P0)>2

∞∏
ℓ=0

det
(
Im − χ(P0)N(P0)

−s−ℓ
)
; (1)

the product runs through all primitive hyperbolic elements P0 of the group Γ,
and N(P0) is the norm of the element P0.

Admits a meromorphic continuation to all s ∈ C and a functional equation
which relates the value at s to the value at 1− s.

Zeros at 1
2 ± irj , where sj =

1
2 + irj .

Hence, Z (1;χ) = 0 iff λ0 = 0 iff k ∈ {−1, 0, 1} .
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Zeta regularized determinant

For Re(s) > 1 and Re(w) sufficiently large define the spectral zeta function by

ζ(w , s;χ) =
∑
j≥0

(sj(1− sj)− s(1− s))−w .

For Re(s) > 1 and |k| − s /∈ Z≥0, ζ(w , s;χ) possesses meromorphic
continuation to the whole w−plane and is holomorphic at w = 0.

For Re(s) > 1 and |k| − s /∈ Z≥0 regularized det is defined as

det (∆χ,2k − s(1− s)) = e−
∂
∂w ζ(w ,s;χ)|w=0 .

(Gong 1995) For Re(s) > 1 and |k| − s /∈ Z≥0

det (∆χ,2k − s(1− s)) = Z (s;χ)ZI (s;χ)e
c̃ ,
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ZI (s;χ) = exp

{
mvol(X )

2π

(
s log(2π) + s(1− s) +

(
1

2
+ k

)
log Γ (s + k)

+

(
1

2
− k

)
log Γ (s − k)− logG (s + k + 1)− logG (s − k + 1)

)}
,

and

c̃ = −m
vol(X )

2π

(
log

√
2π +

1

4
− 2ζ ′(−1)

)

When k ∈ (0, 1) zero is not an eigenvalue of ∆χ,2k hence

det (∆χ,2k) = Z (1;χ)ZI (1;χ)e
c̃ .
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Natural question

What can we say about asymptotics of log det∆χ,2k associated to a sequence
{Xn} of random compact hyperbolic surfaces such that vol(Xn) → ∞?

When {Xn} runs through ”typical” random compact surfaces, Frédéric Naud
(2023) proved that

log det∆0

vol(Xn)
→ 1

2π
(2ζ ′(−1)− 1

4
+ log

√
2π), as n → ∞.

Similar ”folklore” results are known for asymptotics through congruence covers.

”Typical” means that

surfaces in the sequence belong to one of ”standard” models of compact
hyperbolic surfaces with volume tending to infinity (e.g. Brooks-Makover
model, Weil-Petersson or random cover model)

There is a uniform spectral gap

There is a bound on the number of closed geodesics up to certain length
(satisfied with probability 1 in all three models)
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Setup

We consider a sequence {(Xn, χn)} of:

- compact hyperbolic surfaces such that vol(Xn) = 4π(gn − 1) → ∞, n → ∞

- m ×m multiplier systems χn of admissible weights kn ∈ (0, 1) such that

lim
n→∞

kn = α ∈ [0, 1).

- weighted Laplacians ∆2kn , with eigenvalues kn(1− kn) = λ0,n < λ1,n < ... of
multiplicities m(λj,n)

Additionally - Nk,n denotes the number of small eigenvalues of ∆2kn
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Assumptions: weak spectral gap

(i) (Weak spectral gap) Assume that

lim sup
n→∞

Nk,n

λ1,nvol(Xn)
= β < ∞ (2)

Why weak spectral gap?

By a crude bound:
Nk,n ≤ Cgn

the spectral gap yields weak spectral gap.

If, for example Nk,n ≤ M uniformly in n, then from ”admissibility” of kn, weak
spectral gap holds true.
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Assumptions: weak spectral gap cont’

Spectral gap holds true for ”typical” compact surface in three models of random
surfaces: Brooks–Makover, random covers and Weil–Petersson.

Even more is true in Weil–Petersson model - an optimal 1/4− ϵ expected gap is
deduced - preprint by Anantharaman and Monk (2025)

Our aim: deterministic result.

Example by Sarnak and Buser: Benjamini–Schramm convergence of the
sequence of compact surfaces {Xn} of genus gn does not necessarily imply
spectral gap.

There exists a Benjamini-Schramm convergent sequence (injectivity radius
→ ∞) with the first eigenvalues λ1,n bounded by a constant times log gn/gn.
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Assumptions: uniform discreteness

(ii)( Uniform discreteness) Let 1 < δn = min
P∈Γn,P ̸=Id

{N(P)}. Then, there exists

η > 1 such that δn ≥ η for all n ≥ 1.

Equivalent to assuming that sys(Xn) ≥ log η > 0 for all n

Why uniform discreteness?

Uniform discreteness holds true for ”typical” compact surface in
Brooks-Makover and Weil-Petersson models of random surfaces

Necessary to deduce that if a sequence {Xn} of compact surfaces converges in
Benjamini-Schramm sense to H, then the spectral density (normalized by
volume) of the Laplacian on Xn converges to the spectral measure of the
Laplacian on H (Le Masson and Sahlsten; Monk)

Geometrically - we stay away from the boundary in the moduli space of compact
surfaces.

Jay Jorgenson, Lejla Smajlović, Polyxeni Spilioti Determinants of weighted Laplacians



Regularized determinants
Main results

Ideas of proofs

Basic notation
Asymptotic behavior of determinants of Laplacians as volX → ∞
Main result

Assumptions: uniform discreteness

(ii)( Uniform discreteness) Let 1 < δn = min
P∈Γn,P ̸=Id

{N(P)}. Then, there exists

η > 1 such that δn ≥ η for all n ≥ 1.

Equivalent to assuming that sys(Xn) ≥ log η > 0 for all n

Why uniform discreteness?

Uniform discreteness holds true for ”typical” compact surface in
Brooks-Makover and Weil-Petersson models of random surfaces

Necessary to deduce that if a sequence {Xn} of compact surfaces converges in
Benjamini-Schramm sense to H, then the spectral density (normalized by
volume) of the Laplacian on Xn converges to the spectral measure of the
Laplacian on H (Le Masson and Sahlsten; Monk)

Geometrically - we stay away from the boundary in the moduli space of compact
surfaces.
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Jay Jorgenson, Lejla Smajlović, Polyxeni Spilioti Determinants of weighted Laplacians



Regularized determinants
Main results

Ideas of proofs

Basic notation
Asymptotic behavior of determinants of Laplacians as volX → ∞
Main result

Assumptions: uniform discreteness

(ii)( Uniform discreteness) Let 1 < δn = min
P∈Γn,P ̸=Id

{N(P)}. Then, there exists

η > 1 such that δn ≥ η for all n ≥ 1.

Equivalent to assuming that sys(Xn) ≥ log η > 0 for all n

Why uniform discreteness?

Uniform discreteness holds true for ”typical” compact surface in
Brooks-Makover and Weil-Petersson models of random surfaces

Necessary to deduce that if a sequence {Xn} of compact surfaces converges in
Benjamini-Schramm sense to H, then the spectral density (normalized by
volume) of the Laplacian on Xn converges to the spectral measure of the
Laplacian on H (Le Masson and Sahlsten; Monk)

Geometrically - we stay away from the boundary in the moduli space of compact
surfaces.
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Assumptions - geodesic count

We introduce the following definition: The sequence {Xn}n≥1 is said to satisfy
the hypothesis H(C , L, κ) for some C , L > 0 and 0 < κ < 1 if

NXn(L) := |{P ∈ Γn : N(P) ≤ L}| ≤ Cvol(Xn)
κ.

Naud proved that hypothesis H(C , L, κ) holds with probability one in all three
models of random surfaces discussed here.
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Main result: asymptotics of log det(∆2kn)

{Xn} - the sequence of Riemann surfaces, {χn} the corresponding sequence of
m ×m unitary multiplier systems of weights 2kn ∈ (0, 2) such that
lim

n→∞
kn = α ∈ [0, 1). Assume weak spectral gap and uniform discreteness.

If α = 0, assume that the multiplicities m(λ0,n) of the first eigenvalue of the
Laplacian ∆2kn are bounded uniformly in n.

Then, for all ε > 0 there exists Lε > 0 such that, assuming H(C , Lε, κ), for
some constant C , uniformly for vol(Xn) large we have

∣∣∣∣2π log det(∆2kn)

mVol(Xn)
−
(
2ζ ′(−1) + log

√
2π − 1

4
+

(
1

2
+ α

)
log Γ (1 + α)+

+

(
1

2
− α

)
log Γ (1− α)− logG (2 + α)− logG (2− α)

)∣∣∣∣ < ε.

Note: this agrees with deterministic result of Naud for α = 0; our assumptions
and proof are different.
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Main result: asymptotics of log det(∆2kn), example

Fix a rational number k = p
q ∈ (0, 1), p, q coprime.

{Xn} - sequence of Riemann surfaces of genus gn = ℓnq + 1, where ℓn ↑ ∞.

k = 2mpℓn
2m(gn−1) ∈

Z
2m(gn−1) is admissible, hence there is m ×m unitary multiplier

system {χn} of weight k . Spectral gap immediately fulfilled.

Assuming uniform discreteness for {Xn}, we have

2π log det(∆2p/q)

mVol(Xn)
∼ 2ζ ′(−1) + log

√
2π − 1

4
+

(
1

2
+

p

q

)
log Γ

(
1 +

p

q

)
+

+

(
1

2
− p

q

)
log Γ

(
1− p

q

)
− logG

(
2 +

p

q

)
− logG

(
2− p

q

)
.

When kn = 1/2 for all n:

2π log det(∆1)

mVol(Xn)
∼ 5

12
log 2− ζ ′(−1)− 1

4
.
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Main result - counting pseudoprimes

Want to use det (∆χ,2k) = Z (1;χ)ZI (1;χ)e
c̃ .

Write

logZ (s;χn) =
∑
P ̸=Id

Tr(χn(P))Λ1(P)

N(P)s
= lim

M→∞

M∫
δn−δ

dΨ(t, χn)

ts log t
,

where
Ψ(x , χn) :=

∑
P∈Γn,P ̸=Id:N(P)≤x

Λ(P)Tr(χn(P))

Hejhal proved that for λj,n = sj,n(1− sj,n) and x ≥ 2

Ψ(x , χn) =
∑

λj,n≤1/4

m(λj,n)
x sj,n

sj,n
+ OXn,χn(x

3/4)

Problem: the implied constant depends upon Xn. How large can it be when gn
is large??
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Main result - uniform, generalized PGTs

When χn = Id1, an explicit upper bound for the constant in PGT (called
Huber’s constant) is known when X is not necessarily compact (Friedman,
Jorgenson, Kramer; improved by Avdispahić).

Problem: the constant depends upon the diameter which can be VERY large.

Yunhui Wu and Yuhao Xue - proved the PGT with 5/6 instead of 3/4 in the
exponent, but with an explicit bound for the constant in case χn = Id1:∑

P primitive:N(P)≤x

1 =
∑

λj≤1/4

m(λj)Li(x
sj )+

+ O

(
g

log x
x2/3

(
x1/6 +max

{
0,− log(sys(X ))− 1

6
log x

}))
where the implied constant is absolute.

Note: this is count of prime geodesic. We need *weighted* count of *all*
geodesics.
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Jay Jorgenson, Lejla Smajlović, Polyxeni Spilioti Determinants of weighted Laplacians



Regularized determinants
Main results

Ideas of proofs

Basic notation
Asymptotic behavior of determinants of Laplacians as volX → ∞
Main result

Main result - uniform, generalized PGTs

When χn = Id1, an explicit upper bound for the constant in PGT (called
Huber’s constant) is known when X is not necessarily compact (Friedman,
Jorgenson, Kramer; improved by Avdispahić).
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Main result - uniform, generalized PGT1

For x ≥ 2, fixed Riemann surface X of genus g and m ×m unitary multiplier
system χ of weight k we have that

Ψ(x , χ) =
∑

λj≤1/4

m(λj)
x sj

sj
+ g(X , χ)x3/4

where m(λj) denotes the multiplicity of the small eigenvalue λj and

|g(X , χ)| ≤ C1
m(g − 1)

sys(X )
+ (Nk −1)

(
C2

1− s1
+ C3

)
+(N0−1)

(
C4

1− s̃1
+ C5

)
,

for some absolute constants C1, C2, C3, C4, C5 independent of X and χ.

Here Nk is the number of small eigenvalues of ∆2k and N0 is the number of
small eigenvalues of ∆0.

λ1 = s1(1− s1) and λ̃1 = s̃1(1− s̃1)
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Main result - uniform, generalized PGT2

For x ≥ x(g), where x(g) is a constant depending upon the genus we have that

Ψ(x , χ) =
∑

λj≤1/4

m(λj)
x sj

sj
+ G(x ;X , χ)

where

|G(x ;X , χ)| ≤ C1mgx5/6 + C2mgx2/3 max

{
0, log

(
1

sys(X )x1/6

)}
,

for some absolute constants C1, C2 independent of X and χ.

Natural question: comparison of generalized PGT1 and PGT2

Nk , N0 bounded by Cg ; however λ̃1 can be close to 0, so PGT1 error not
optimal in the eigenvalue aspect, though the power of x is better.
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Ideas of proofs

Proof - PGT1

In both PGT proofs main tool: Selberg trace formula.

In PGT1 two main steps:

Step 1 - use the Gaussian as the test function + Buser’s counts of geodesics
(collar lemma and upper bound)+ Karamata Tauberian theorem to get a crude
upper bound for the counting function of eigenvalues

Step 2: Use Randol’s test function + upper bound from Step 1 to deduce
theorem for χ = Id1.

Then, use this to estimate the geometric side and prove thm for general χ
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Ideas of proofs

Proof - PGT2

In PGT2 two main steps:

Step 1 - Prove thm for χ = Id1 by adopting the proof of Wu and Xue (again,
start with the trace formula, slightly different test function) using monotonicity
of Ψ(x , Id1)

Step 2: Key lemma (Hejhal)

Ψ(x , χ) =
∑

P∈Γ,Tr(P)>2:N(P)≤x

Λ(P)Re (Tr(χ(P))) .

Therefore, for c ∈ (0, 1/m)

Ψ(x , χ) =
1

c
[(Ψ(x , Id1) + cΨ(x , χ))−Ψ(x , Id1)]

and Ψ(x , Id1) + cΨ(x , χ) is non-decreasing so methods of Step 1 apply.
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Proof: asymptotics of det∆2kn

Start with log det(∆2kn − s(1− s)) = logZ (s;χn) + logZI (s;χn) + c̃ .

2π log det(∆2kn)

mVol(Xn)
= lim

s→1+

2π logZ (s;χn)

mVol(Xn)
+

+ log
√
2π − 1

4
+ 2ζ ′(−1) +

(
1

2
+ kn

)
log Γ (1 + kn)

+

(
1

2
− kn

)
log Γ (1− kn)− logG (2 + kn)− logG (2− kn) .

Left to prove: for fixed ϵ > 0 there exists Lϵ such that assuming H(C , Lϵ, κ) for
come C > 0, κ ∈ (0, 1) ∣∣∣∣ lims→1+

2π logZ (s;χn)

mVol(Xn)

∣∣∣∣ < ε

2
(3)

holds true for large enough n
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Proof: asymptotics of det∆2kn
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2π log det(∆2kn)

mVol(Xn)
= lim

s→1+

2π logZ (s;χn)

mVol(Xn)
+

+ log
√
2π − 1

4
+ 2ζ ′(−1) +

(
1

2
+ kn

)
log Γ (1 + kn)

+

(
1

2
− kn

)
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lim
s→1+

logZ (s;χn) = −
∞∫

δn−δ

Ψ(t, χn)(log t + 1)

t2 log2 t
dt = −

 ∞∫
L

+

L∫
δn−δ

 .

Look at sum of two integrals. By PGT2:

1

vol(Xn)

∣∣∣∣∣∣
∞∫
L

Ψ(t, χn)(log t + 1)

t2 log2 t
dt

∣∣∣∣∣∣ ≤ 2L−λ0,n

log L

[
m(λ0,n)

λ0,nvol(Xn)
+

Nk,n

λ1,nvol(Xn)

]

+
1

L
1
6 log L

C (m, η)gn
vol(Xn)

,

Use

λ0,nvol(Xn) =
2πan
m

(
1− an

2m(gn − 1)

)
≥ 2π

m

(
1− an

2m(gn − 1)

)
and deduce that the first integral is bounded by ε

16π for L > Lϵ
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Second integral: apply H(C , Lε, κ) for some C > 0:∣∣∣∣∣∣
Lε∫

δn−δ

Ψ(t, χn)(log t + 1)

t2 log2 t
dt

∣∣∣∣∣∣ ≤ m

Lε∫
δn−δ

(log t + 1)
∑

P∈Γn;N(P)≤t

Λ(P)

t2 log2 t
dt

≤ Bm
∑

P∈Γn;N(P)≤Lε

Λ(P),

under hypothesis H(C , Lε, κ) we have∑
N(P)≤Lε

Λ(P) ≤
∑

P∈Γn;N(P)≤Lε

logN(P0) ≤ log LεNXn(Lε) ≤ C log Lε(vol(Xn)
κ),

hence dividing by the volume

1

m(2gn − 2)

∣∣∣∣∣∣
Lε∫

δn−δ

Ψ(t, χn)(log t − 1)

t2 log2 t
dt

∣∣∣∣∣∣ ≤ 2πCB log Lε
vol(Xn)1−κ

.

Jay Jorgenson, Lejla Smajlović, Polyxeni Spilioti Determinants of weighted Laplacians



Regularized determinants
Main results

Ideas of proofs

Second integral: apply H(C , Lε, κ) for some C > 0:∣∣∣∣∣∣
Lε∫

δn−δ

Ψ(t, χn)(log t + 1)

t2 log2 t
dt

∣∣∣∣∣∣ ≤ m

Lε∫
δn−δ

(log t + 1)
∑

P∈Γn;N(P)≤t

Λ(P)

t2 log2 t
dt

≤ Bm
∑

P∈Γn;N(P)≤Lε

Λ(P),

under hypothesis H(C , Lε, κ) we have∑
N(P)≤Lε

Λ(P) ≤
∑

P∈Γn;N(P)≤Lε

logN(P0) ≤ log LεNXn(Lε) ≤ C log Lε(vol(Xn)
κ),

hence dividing by the volume

1

m(2gn − 2)

∣∣∣∣∣∣
Lε∫

δn−δ

Ψ(t, χn)(log t − 1)

t2 log2 t
dt

∣∣∣∣∣∣ ≤ 2πCB log Lε
vol(Xn)1−κ

.
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The end

Thank you for your attention!
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